Basic Analysis Il

Introduction to Real Analysis, Volume Il

by Jifi Lebl

October 24, 2024
(version 6.1)



Typeset in IXTEX.

Copyright ©2012-2024 Jif{ Lebl

cosolieuoel

This work is dual licensed under the Creative Commons Attribution-Noncommercial-Share
Alike 4.0 International License and the Creative Commons Attribution-Share Alike 4.0 Inter-
national License. To view a copy of these licenses, visit https://creativecommons.org/
licenses/by-nc-sa/4.0/ or https://creativecommons.org/licenses/by-sa/4.8/ or
send a letter to Creative Commons PO Box 1866, Mountain View, CA 94042, USA.

You can use, print, duplicate, and share this book as much as you want. You can base your
own notes on it and reuse parts if you keep the license the same. You can assume the
license is either CC-BY-NC-SA or CC-BY-SA, whichever is compatible with what you wish
to do. Your derivative work must use at least one of the licenses. Derivative works must be
prominently marked as such.

During the writing of these notes, the author was in part supported by NSF grant
DMS-1362337.

The date is the main identifier of version. The major version / edition number is raised
only if there have been substantial changes. From 6th edition onwards, both volumes share
the same version number.

See https://www.jirka.org/ra/ for more information (including contact information,
possible updates, and errata).

The ETEX source for the book is available for possible modification and customization at
github: https://github.com/jirilebl/ra


https://creativecommons.org/licenses/by-nc-sa/4.0/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://creativecommons.org/licenses/by-sa/4.0/
https://www.jirka.org/ra/
https://github.com/jirilebl/ra

Contents

Introduction

8

10

11

Several Variables and Partial Derivatives

8.1 Vector spaces, linear mappings, and convexity . . ... ... ... ... ...
8.2 Analysis with vectorspaces . . . .. ... ... ... ... ... ... ...
83 Thederivative . . . . . .. . ... L
84 Continuity and the derivative . . . . ... ... ... ... .. .. .......
8.5 Inverse and implicit function theorems . . . . . .. ... ... ... L.
8.6 Higherorderderivatives . . . . ... ... ... ... . ... . 0 L.

One-dimensional Integrals in Several Variables

9.1 Differentiation under theintegral . . . . .. ... ... ... ... ... ... .
92 Pathintegrals . . .. ... .. ... ... ... .. .. .. .. .. .
9.3 Pathindependence . . ... ... .. ... ... L L L.

Multivariable Integral

10.1 Riemann integral overrectangles . . . . ... ... ... .. ... .......
10.2 Iterated integrals and Fubini theorem . . .. .. ... ... ... ..... ..
10.3 Outermeasureandnullsets . . . . . ... .. ... ... ... ... ......
10.4 The set of Riemann integrable functions . . . . ... ... ... .. ... ...
105 Jordan measurablesets . . . . . . . ... ... e
10.6 Green'stheorem . . . . . . . . . . . . . . ...
10.7 Changeof variables . . . . . . ... ... ... L o o

Functions as Limits

11.1 Complexnumbers. . . . .. .. ... .. L o
11.2 Swapping limits . . . . . .. ...
11.3 Power series and analytic functions . . . . . .. ... ... 0oL
11.4 Complex exponential and trigonometric functions . . . . ... ... ... ..
11.5 Maximum principle and the fundamental theorem of algebra . . . . . . ..
11.6 Equicontinuity and the Arzela—Ascoli theorem . . . . . ... ... ... ...
11.7 The Stone-Weierstrass theorem . . . . . . . ... ... ... ... ... .....
11.8 Fourier series . . . . . . . . . . . . i

20
35
46
51
60

65
65
71
83

91

91
103
108
117
123
128
134



4 CONTENTS

Further Reading 209
Index 211

List of Notation 215



Introduction

About this book

This second volume of “Basic Analysis” is meant to be a seamless continuation. The
chapter numbers start where the first volume left off. The book started with my notes for a
second-semester undergraduate analysis at University of Wisconsin—Madison in 2012,
which I taught more or less with Rudin’s book. Some of the material and some of the
proofs are similar to Rudin, though I try to provide more detail and context. In 2016, I
taught a second-semester undergraduate analysis at Oklahoma State University, modifying
and cleaning up the notes, this time using them as the main text. I have since taught the
course several more times, adding chapter 11 (originally written for the Wisconsin course),
and making many other smaller improvments.

I plan to eventually add a few more topics. I will try to preserve the numbering in
subsequent editions as always. The new topics planned would add chapters onto the end
of the book, or add sections to end of existing chapters, and I will try as hard as possible to
leave exercise numbers unchanged.

For the most part, this second volume depends on the non-optional parts of volume I,
while some of the optional parts are also used. Higher order derivatives (but not Taylor’s
theorem itself) are used in 8.6, 9.3, 10.6. Exponentials, logarithms, and improper integrals
are used in a few examples and exercises, and they are heavily used in chapter 11.

An alternate plan for a two-semester course is that some bits of the first volume, such
as metric spaces, are covered in the second semester, while some of the optional topics of
volume I are covered in the first semester. Leaving metric spaces for the second semester
makes the second semester the “multivariable” part of the course.

Several possibilities for things to cover after metric spaces, depending on time are:

1) 8.1-8.5,10.1-10.5, 10.7 (multivariable calculus, focus on multivariable integral).
2) Chapter 8, chapter 9, 10.1 and 10.2 (multivariable calculus, focus on path integrals).
3) Chapters 8,9, and 10 (multivariable calculus, path integrals, multivariable integrals).

4) Chapters 8, (maybe 9), and 11 (multivariable differential calculus, some advanced
analysis).

5) Chapter 8, chapter 9, 11.1, 11.6, 11.7 (a simpler variation of the above).
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Chapter 8

Several Variables and Partial Derivatives

8.1 Vector spaces, linear mappings, and convexity

Note: 3 lectures

8.1.1 Vector spaces

The euclidean space R" has already made an appearance in the metric space chapter. In
this chapter, we extend the differential calculus we created for one variable to several
variables. The key idea in differential calculus is to approximate differentiable functions by
linear functions (approximating the graph by a straight line). In several variables, we must
introduce a little bit of linear algebra before we can move on. We start with vector spaces
and linear mappings of vector spaces.

While it is common to use ¥ or the bold v for elements of R", especially in the applied
sciences, we use just plain old v, which is common in mathematics. Thatis, v € R" is a
vector, which means v = (v1, 02, ...,v,) is an n-tuple of real numbers.” It is common to
write and treat vectors as column vectors, that is, n-by-1 matrices:

U2

01
v=(01,02,...,04) = [ ]

Un

We do so when convenient. We call real numbers scalars to distinguish them from vectors.

We often think of vectors as a direction and a magnitude and draw the vector as an
arrow. The vector (v1, vy, ..., vy) is represented by an arrow from the origin to the point
(v1,v2,...,v,). When we think of vectors as arrows, they are not based at the origin
necessarily; a vector is simply the direction and the magnitude, and it does not know where
it starts. There is a natural algebraic structure when thinking of vectors as arrows. We can
add vectors as arrows by following one vector and then the other. And we can take scalar
multiples of vectors as arrows by rescaling the magnitude. See Figure 8.1.

fSubscripts are used for many purposes, so sometimes we may have several vectors that may also be
identified by subscript, such as a finite or infinite sequence of vectors y1, 2, . . ..
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Figure 8.1: Vector as an arrow in R?, and the meaning of addition and scalar multiplication.

Each vector also represents a point in R”. Usually, we think of v € R" as a point if
we are thinking of R” as a metric space, and we think of it as an arrow if we think of the
so-called vector space structure on R" (addition and scalar multiplication). Let us define the
abstract notion of a vector space, as there are many other vector spaces than just R".

Definition 8.1.1. Let X be a set together with the operations of addition, +: X X X — X,
and multiplication, -: R X X — X, (we usually write ax instead of a - x). X is called a vector
space (or a real vector space) if the following conditions are satisfied:

(i) (Addition is associative) Ifu,v,we X, thenu + (v+w)=(u+0v)+w.

(ii) (Addition is commutative) Ifu,v e X,thenu+v =0+ u.

(iii) (Additive identity) Thereisa 0 € X such thatv +0 =v forall v € X.

(iv) (Additive inverse) Foreachv € X, thereisa —v € X, such thatv+(-v) = 0.
(v) (Distributive law) IfaeR,u,ve X, thena(u +v) =au + av.

(vi) (Distributive law) Ifa,beR,ve X, then (a+b)v =av + bo.

(vii) (Multiplication is associative) If a,b € R, v € X, then (ab)v = a(bv).
(viii) (Multiplicative identity) lv =vforallv € X.

Elements of a vector space are usually called vectors, even if they are not elements of R"
(vectors in the “traditional” sense). If Y C X is a subset that is a vector space itself using
the same operations, then Y is called a subspace or a vector subspace of X.

Multiplication by scalars works as one would expect. For example, 20 = (1 + 1)v =
1v +1v = v + v, similarly 3v = v + v + v, and so on. One particular fact we often use is that
Ov = 0, where the zero on the left is 0 € R and the zero on the right is 0 € X. To see this,
start with Ov = (0 + 0)v = Ov + Ov, and add —(0v) to both sides to obtain 0 = Ov. Similarly,
—v = (=1)v, which follows by (-1)v + v = (-=1)v + 1v = (-1 + 1)v = Ov = 0. Such algebraic
facts which follow quickly from the definition will be taken for granted from now on.

Example 8.1.2: The set R" is a vector space, addition and multiplication by a scalar is done
componentwise: If a € R, v = (v1,v2,...,0,) € R",and w = (wq, wo, ..., w,) € R", then

v+w = (v1,02,...,0,) + (W1, W, ..., wy) = (01 +W1,02 +Wo,..., 0, +Wy),

av = a(vy,02,...,0,) = (avy,avy,...,a0,).
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We will mostly deal with “finite-dimensional” vector spaces that can be regarded as
subsets of R"”, but other vector spaces are useful in analysis. It is better to think of even
such simpler vector spaces abstractly abstract notion rather than as R".

Example 8.1.3: A trivial example of a vector space is X := {0}. The operations are defined
in the obvious way: 0 + 0 := 0 and a0 := 0. A zero vector must always exist, so all vector
spaces are nonempty sets, and this X is the smallest possible vector space.

Example 8.1.4: The space C([0, 1], R) of continuous functions on the interval [0,1] is a
vector space. For two functions f and g in C([0, 1], R) and a € R, we make the obvious
definitions of f + g and af:

(f +8)x) = f(x) +g(x),  (af)(x) = a(f(x)).

The 0 is the function that is identically zero. We leave it as an exercise to check that all the
vector space conditions are satisfied. The space C!([0, 1], R) of continuously differentiable
functions is a subspace of C([0, 1], R).

Example 8.1.5: The space of polynomials co + c1t + ct? + - - - + ¢yt (of arbitrary degree m1)
is a vector space, denoted by R[¢#] (coefficients are real and the variable is t). The operations
are defined in the same way as for functions above. Suppose there are two polynomials,
one of degree m and one of degree n. Assume n > m for simplicity. Then

(co+crt + cot? + -+ cppt™) + (dog + dqt +dot? + - -+ + dt") =
(co+do) + (c1 + di)t + (co +d)t? + - + (coy + Ayt + dppr t™ L + -+ dyt"

and
a(co + cit + cot? + -+ cpt™) = (aco) + (aci)t + (aco)t? + - - + (acy)t™.

Despite what it looks like, R[?] is not equivalent to R" for any n. In particular, it is not
“finite-dimensional.” We will make this notion precise in just a little bit. One can make a
finite-dimensional vector subspace by restricting the degree. For example, if P, is the set
of polynomials of degree n or less, then %, is a finite-dimensional vector space, and we
could identify it with R™*1.

Above, the variable ¢ is really just a formal placeholder. By setting t equal to a real
number, we obtain a function. So the space R[] can be thought of as a subspace of C(R, R).
If we restrict the range of ¢ to [0, 1], R[¢] can be identified with a subspace of C([0, 1], R).

Proposition 8.1.6. For S C X to be a vector subspace of a vector space X, we only need to check:
1) 0€S.
2) S is closed under addition: If x,y € S, then x +y € S.

3) S is closed under scalar multiplication: If x € Sand a € R, then ax € S.
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Items 2) and 3) ensure that addition and scalar multiplication are indeed defined on S.
Item 1) is required to fulfill item (iii) from the definition of vector space. Existence of
additive inverse —v, item (iv), follows because —v = (—1)v and item 3) says that —v € S if
v € S. All other properties are certain equalities that are already satisfied in X and thus
must be satisfied in a subset.

It is possible to use other fields than R in the definition (for example, it is common to
use the complex numbers C), but let us stick with the real numbers®.

8.1.2 Linear combinations and dimension

Definition 8.1.7. Suppose X is a vector space, x1,x2,...,X, € X are vectors, and
ai,an,...,a,; € R are scalars. Then

aix1+axxy+ -+ amxm

is called a linear combination of the vectors x1,x2, ..., Xu.
For a subset Y C X, let span(Y), or the span of Y, be the set of all linear combinations of
all finite subsets of Y. We say Y spans span(Y). By convention, define span(0) := {0}.

Example 8.1.8: Let Y := {(1,1)} c R% Then
span(Y) = {(x,x) eR?:x¢ IR}.
That is, span(Y) is the line through the origin and the point (1, 1).
Example 8.1.9: Let Y := {(1,1),(0,1)} c R% Then
span(Y) = R?,
as every point (x, y) € R? can be written as a linear combination
(x,y) =x(1,1) + (y - x)(0, D).

Example 8.1.10: Let Y := {1,¢,t2,¢3,...} Cc R[t],and E := {1,t%,t%,t%,...} C R[t]. The
span of Y is all polynomials,
span(Y) = R[¢].

The span of E is the set of polynomials with even powers of ¢ only.

Suppose we have two linear combinations of vectors from Y. One linear combination
uses the vectors {x1, X2, ..., X, }, and the other uses {x1, x>, ...,X,}. We can write their
sum using vectors from the union {x1,x2, ..., X} U{X1,X2,..., X }:

(1119(1 +axxy) +---+ amxm) + (b15€v1 + bzfz + -+ bnfn)
=a1X1+dxXp+ -+ aAuXy +b15€11 +b2§2+-"+bnfn.

*If you want a very funky vector space over a different field, R itself is a vector space over the field Q.
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So the sum is also a linear combination of vectors from Y. Similarly, a scalar multiple of a
linear combination of vectors from Y is a linear combination of vectors from Y:

b(aix1 + apxy + -+ - + aymXy) = bajxy + bayxy + -+ -+ bayxy,.

Finally, 0 € span(Y); if Y is nonempty, 0 = Ov for some v € Y. We have proved the following
proposition.

Proposition 8.1.11. Let X be a vector space and Y C X is a subset. Then the set span(Y) is a
vector subspace of X.

Every linear combination of elements in a subspace is an element of that subspace. So
span(Y) is the smallest subspace that contains Y. In particular, if Y is already a vector
subspace, then span(Y) =Y.

Definition 8.1.12. A setof vectors {x1, X2, ..., Xy} C X islinearly independent” if the equation
a1x1 + arxy + -+ a,ux,; =0 (8.1)

has only the trivial solutiona; = a; = - - - = a,, = 0. By convention, 0 is linearly independent.
A set that is not linearly independent is linearly dependent. A linearly independent set of
vectors B C X such that span(B) = X is called a basis of X. We generally consider the basis
as not just a set, but as an ordered m-tuple: x1,x2,..., xy.

Suppose d is largest integer for which X contains a set of d linearly independent vectors.
We then say d is the dimension of X, and we write dim X := d. If X contains a set of d
linearly independent vectors for arbitrarily large d, we say X is infinite-dimensional and
write dim X := oco. For the trivial vector space {0}, we define dim {0} := 0.

A subset of a linearly independent set is clearly linearly independent. So if a set contains
d linearly independent vectors, it also contains a set of m linearly independent vectors for
all m < d. Moreover, if a set does not have d + 1 linearly independent vectors, no set of
more than d + 1 vectors is linearly independent. So X is of dimension is d if there is a set of
d linearly independent vectors, but no set of d + 1 vectors is linearly independent.

No element of a linearly independent set can be zero, and a set with one nonzero
element is always linearly independent. In particular, {0} is the only vector space of
dimension 0. Every other vector space has a positive dimension or is infinite-dimensional.
As the empty set is linearly independent, it is a basis of {0}.

As an example, the set Y of the two vectors in Example 8.1.9 is a basis of R?, and
so dim R? > 2. We will see in a moment that every vector subspace of R" has a finite
dimension, and that dimension is less than or equal to 7. So every set of 3 vectors in R? is
linearly dependent, and dim R? = 2.

If a set is linearly dependent, then one of the vectors is a linear combination of the
others. In (8.1), if ax # 0, then we solve for xj:

—a —Ak-1 —Ak+1 —m

X =—XxX1+-+ Xk-1 + Xk+1 + oo+ —Xys.
ax ag ag Am

*For aninfinite set Y C X, we say Y is linearly independent if every finite subset of Y is linearly independent
in the sense given. However, this situation only comes up in infinitely many dimensions.
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The vector xj has at least two different representations as linear combinations of the vectors
{x1,x2,...,xm}. The one above and xy itself. For instance, the set {(0, 1),(2,3),5, O)} in
R? is linearly dependent:

300,1)-(2,3)+2(1,00=0, so  (2,3)=3(0,1)+2(1,0).

Proposition 8.1.13. Suppose a vector space X has basis B = {x1,x2,...,xn}. Then everyy € X
has a unique representation of the form

n

y:Zakxk

k=1
for some scalars a1, az, ..., ay.

Proof. As X is the span of B, every y € X is a linear combination of elements of B. Suppose

n

y:Zakxk:Zn:bkxk.
k=1

k=1

Then ;
Z(ak —by)xi = 0.
k=1

By linear independence of the basis, ax = by forall k, and so the representation is unique. O

For R", we define the standard basis of R":
e1:=(1,0,0,...,0), e :=(0,1,0,...,0), ..., e,:=(0,0,0,...,1).

We use the same letters e; for any R", and which space R" we are working in is understood
from context. A direct computation shows that {e, e, ..., e,} really is a basis of R”; it
spans R" and is linearly independent. In fact,

n

a:(al,az,...,an):Zakek.

k=1
Proposition 8.1.14. Let X be a vector space and d a nonnegative integer.
(1) If X is spanned by d vectors, then dim X < d.
(ii) If T is a linearly independent set and v € X \ span(T), then T U {v} is linearly independent.
(iii) dim X = d if and only if X has a basis of d vectors. In particular, dim R" = n.
(iv) IfY C X is a vector subspace and dim X = d, then dim Y < d.
(v) Ifdim X = d and a set T of d vectors spans X, then T is linearly independent.

(vi) Ifdim X = d and a set T of m vectors is linearly independent, then there is a set S of d —m
vectors such that T U S is a basis of X.
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In particular, the last item says that if dim X = d and T is a set of d linearly independent
vectors, then T spans X. Another thing to note is that item (iii) implies that every basis of a
finite dimensional vector space has the same number of elements.

Proof. All statements hold trivially when d = 0, so assume d > 1.
We start with (i). Suppose S := {x1,x2,..., x5} spans X, and T := {y1,¥2,...,ym} iSa
linearly independent subset of X. We wish to show that m < d. As S spans X, write

d
1= Z Ak 1Xk,
k=1

for some numbers a1,1,a2,1,...,a41. One of the a1 is nonzero, otherwise y; would be
zero. Without loss of generality, suppose 41,1 # 0. Solve

d
1 Ak

X1 =—Y1— —X.
ai,1 i

In particular, {y1,x2,...,x4} spans X, since x; can be obtained from {yi,x2,...,x4}.
Therefore, there are some numbers for some numbers a1, a2, ..., a4, such that

d
Yo =a12y1 + Z Ak 2X.
k=2

As T is linearly independent—and so {y1, 2} is linearly independent—one of the ay » for
k > 2 must be nonzero. Without loss of generality suppose a2, # 0. Solve

In particular, {y1, y2, x3,..., x4} spans X.

We continue this procedure. If m < d, we are done. Suppose m > d. After d steps, we
obtain that {y1,y2,...,y4} spans X. Any other vector v in X is a linear combination of
{y1,v2,...,ya} and hence cannot be in T as T is linearly independent. So m = d.

We continue with (ii). Suppose T = {x1, x2, ..., X} is linearly independent, does not
span X, and v € X \ span(T). Suppose ai1x1 +axx2+- -+ a, Xy, + a,+10 = 0 for some scalars
ai,az,...,Aam+1. If a1 # 0, then v would be a linear combination of T, so a,,41 = 0. Then,
as T is linearly independent, a1 = a3 = --- = a,, = 0. So T U {v} is linearly independent.

We move to (iii). If dim X = d, then there must exist some linearly independent set
T of d vectors, and T must span X, otherwise we could choose a larger set of linearly
independent vectors via (ii). So we have a basis of d vectors. On the other hand, if we have
a basis of d vectors, the dimension is at least d as a basis is linearly independent. A basis
also spans X, and so by (i) we know that dimension is at most 4. Hence the dimension of
X must equal d. The “in particular” follows by noting that {e1, e, ..., e,} is a basis of R".
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To see (iv), suppose Y C X is a vector subspace, where dim X = d. As X cannot contain
d + 1 linearly independent vectors, neither can Y.

For (v), suppose T is a set of m vectors that is linearly dependent and spans X. We will
show that m > d. One of the vectors is a linear combination of the others. If we remove it
from T, we obtain a set of m — 1 vectors that still span X. Hence d = dim X < m —1by (i).

For (vi) suppose T = {x1,x2,..., Xy} is a linearly independent set. First, m < d by
definition of dimension. If m = d, the set T must span X as in the proof of (iii), otherwise
we could add another vector to T. If m < d, T cannot span X by (iii). So find v not in the
span of T. Via (ii), the set T U {v} is a linearly independent set of m + 1 elements. Therefore,
we repeat this procedure d — m times to find a set of d linearly independent vectors. Again,
they must span X, otherwise we could add yet another vector. m|

8.1.3 Linear mappings
When Y # R, a function f: X — Y is often called a mapping or a map rather than a function.

Definition 8.1.15. A map A: X — Y of vector spaces X and Y is linear (we also say A is a
linear transformation or a linear operator) if foralla € Rand all x, y € X,

Aax) = aA(x) and Alx +vy) = Alx) + A(y).

We usually write Ax instead of A(x) if A is linear. If A is one-to-one and onto, then we say
A is invertible, and we denote the inverse by A7L If A: X — X is linear, then we say Ais a
linear operator on X.

We write L(X, Y) for the set of linear maps from X to Y, and L(X) for the set of linear
operators on X. If a € Rand A, B € L(X, Y), define the maps aA and A + B by

(aA)(x) == aAx, (A + B)(x) .= Ax + Bx.
If AeL(Y,Z)and B € L(X,Y), define the map AB: X — Z as the composition A o B,
ABx = A(Bx).
Finally, denote by I € L(X) the identity: the linear operator such that Ix = x for all x.

Proposition 8.1.16. Let X, Y, and Z be vector spaces.
(i) IfA e L(X,Y), then A0 = 0.
(ii) IfA,B e L(X,Y), then A+ B € L(X,Y).
(i) IfAe L(X,Y)and a € R, then aA € L(X,Y).
(iv) f Ae L(Y,Z)and B € L(X,Y), then AB € L(X, Z).
(v) If A € L(X,Y) is invertible, then A™! € L(Y, X).

In particular, L(X, Y) is a vector space, where 0 € L(X, Y) is the linear map that takes
everything to 0. As L(X) is not only a vector space, but also admits a product (composition),
it is called an algebra.
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Proof. We leave the first four items as a quick exercise, Exercise 8.1.20. Let us prove the last
item. Leta € Rand y € Y. As A is onto, then there is an x € X such that y = Ax. Asitis
also one-to-one, A™(Az) = z forall z € X. So

AN ay) = AN aAx) = A7 (A(ax)) = ax = aA™ (y).
Similarly, let y1, y> € Y and x1, x € X be such that Ax; = y; and Ax; = y», then
A_l(yl + ]/2) = A‘l(Axl + Axp) = A7l (A(X1 + xz)) =X1+Xx2 = A_l(yl) + A_l(yz). O

Proposition 8.1.17. If A € L(X,Y) is linear, then it is completely determined by its values on a
basis of X. Furthermore, if B is a basis of X, then every function A: B — Y extends to a linear
function A on X.

We only prove this proposition for finite-dimensional spaces, as we do not need
infinite-dimensional spaces.*

Proof. Let {x1,x2,...,x,} be abasis of X, and let y; := Axy. Every x € X has a unique

representation
n
X = Z b k Xk
k=1

for some numbers by, by, . .., b,. By linearity,

Ax = Aibkxk = ibkAxk = ibkyk.
k=1 k=1 k=1

The “furthermore” follows by setting yi = A(xy), and then for x = Yieq bk xx, defining
the extension as A(x) := };_; bx yx. The function is well-defined by uniqueness of the
representation of x. We leave it to the reader to check that A is linear. |

For a linear map, it is sufficient to check injectivity at the origin. That is, if the only x such
that Ax = 0is x = 0, then A is one-to-one, because if Ay = Az, then A(y — z) = 0. For this
reason, one often studies the nullspace of A, thatis, {x € X : Ax = 0}. For finite-dimensional
vector spaces (and only in finitely many dimensions) we have the following special case of
the so-called rank-nullity theorem from linear algebra.

Proposition 8.1.18. If X is a finite-dimensional vector space and A € L(X), then A is one-to-one
if and only if it is onto.

Proof. Let {x1,x2,...,x,} be a basis for X. First suppose A is one-to-one. Let ¢, ca, ..., cy
be such that

n

n
OZZCkAkaA Cr Xk.
k=1 k:]_

*For infinite-dimensional spaces, the proof is essentially the same, but a little trickier to write. Moreover,
we haven't even defined what a basis is for infinite-dimensional spaces.
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As A is one-to-one, the only vector that is taken to 0 is 0 itself. Hence,

n

OZZCkxk,

k=1

and so ¢y = 0 for all k as {x1,x2,...,x,} is a basis. So {Axy,Axa,...,Ax,} is linearly
independent. By Proposition 8.1.14 and the fact that the dimension is 1, we conclude
{Ax1,Axy, ..., Ax,} spans X. Consequently, A is onto, as any y € X can be written as

n

n
y:ZakAxk:A A Xk.
k=1 k=1

For the other direction, suppose A is onto. Suppose that for some c1, ca, ..., cp,

n

O:Azn:ckxk :chAxk.
k=1

k=1

As A is determined by the action on the basis, {Ax;, Axy,...,Ax,} spans X. So by
Proposition 8.1.14, the set is linearly independent, and ¢, = O for all k. In other words, if
Ax =0, then x = 0. Thus, A is one-to-one. |

We leave the proof of the next proposition as an exercise.

Proposition 8.1.19. If X and Y are finite-dimensional vector spaces, then L(X,Y) is also finite-
dimensional.

We can identify a finite-dimensional vector space X of dimension n with R", provided
we fix a basis {x1, x2, ..., x, } in X. That is, we define a bijective linear map A € L(X, R") by
Axy = ex, where {ej, e, ..., e,} is the standard basis in R". We have the correspondence

n

A
chxk eX — (c1,c,...,cq) €R",
k=1

8.1.4 Convexity

A subset U of a vector space is convex if whenever x, y € U, the line segment from x to y
lies in U. That is, if the convex combination (1 —t)x + ty isin U for all t € [0, 1]. We write
[x, y] for this line segment. See Figure 8.2.

In R, convex sets are precisely the intervals, which are also precisely the connected sets.
In two or more dimensions there are lots of nonconvex connected sets. For example, the
set R? \ {0} is connected, but not convex—for any x € R? \ {0} where y := —x, we find
(1/2)x + (1/2)y = 0, which is not in the set. Balls (in the standard metric) in R” are convex. It
is a useful enough result to state as a proposition, but we leave its proof as an exercise.

Proposition 8.1.20. Let x € R" and v > 0. The ball B(x,r) C R" is convex.



8.1. VECTOR SPACES, LINEAR MAPPINGS, AND CONVEXITY 17

Figure 8.2: Convexity.

Example 8.1.21: A convex combination is, in particular, a linear combination. So every
vector subspace V of a vector space X is convex.

Example 8.1.22: Let C([0, 1], R) be the vector space of continuous real-valued functions on

R. Let V c C([0, 1], R) be the set of those f such that

1
/ f(x)dx <1 and  f(x) >0 forall x € [0,1].
0

Then V is convex. Take t € [0, 1], and note thatif f, g € V, then (1 —t)f(x) + tg(x) > O for
all x. Furthermore,

1 1 1
/ ((1—t)f(x)+tg(x))dx:(1—t)/ f(x)dx+t/ g(x)dx < 1.
0 0 0

Note that V is not a vector subspace of C([0, 1], R). The function f(x) := 1isin V, but 2f
and —f is not.

Proposition 8.1.23. The intersection of two convex sets is convex. In fact, if {Cpr}aer is an
arbitrary collection of convex sets in a vector space, then

C = ﬂ Ca is convex.

Proof. If x,y € C,thenx,y € C) forall A € I, and henceif t € [0,1], then (1 —t)x +ty € C,
for all A € I. Therefore, (1 —t)x +ty € C and C is convex. O

A useful construction using intersections of convex sets is the convex hull. Given a
subset S of a vector space X, define the convex hull of S as the intersection of all convex
sets containing S:

co(S) = ﬂ{C Cc X:S cC, and C is convex}.

That is, the convex hull is the smallest convex set containing S. By Proposition 8.1.23, the
intersection of convex sets is convex. Hence the convex hull is convex.
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Example 8.1.24: The convex hull of {0, 1} in R is [0, 1]. Proof: A convex set containing 0
and 1 must contain [0, 1], so [0,1] € co({0, 1}). The set [0, 1] is convex and contains {0, 1},
so co({0,1}) c [0,1].

Linear mappings preserve convex sets. So in some sense, convex sets are the right sort
of sets when considering linear mappings or changes of coordinates.

Proposition 8.1.25. Let X,Y be vector spaces, A € L(X,Y), and let C C X be convex. Then
A(C) is convex.

Proof. Take two points p,q € A(C). Pick u,v € C such that Au = p and Av = q. As C is
convex, then (1 —t)u +tv € C forall t € [0,1], so

(1-tp+tqg=1-t)Au+tAv =A((1-t)u +tv) € A(C). O

8.1.5 Exercises

Exercise 8.1.1: Show that in R" (with the standard euclidean metric), for every x € R" and every r > 0, the
ball B(x, r) is convex.

Exercise 8.1.2: Verify that R" is a vector space.

Exercise 8.1.3: Let X be a vector space. Prove that a finite set of vectors {x1, x2,...,x,} C X is linearly
independent if and only if for every k =1,2,...,n

span({x1,..., Xk-1, Xk+1,-- -, Xn}) C span({x1,x2, ..., X }).
That is, the span of the set with one vector removed is strictly smaller.

Exercise 8.1.4: Show that the set X c C([0, 1], R) of those functions such that /01 f = 0is a vector subspace.
Compare Exercise 8.1.16.

Exercise 8.1.5 (Challenging): Prove C([0, 1], R) is an infinite-dimensional vector space where the operations
are defined in the obvious way: s = f + g and m = af are defined as s(x) := f(x)+ g(x)and m(x) = af(x).
Hint: For the dimension, think of functions that are only nonzero on the interval (1/n+1,1/n).

Exercise 8.1.6: Let k: [0,1]*> — R be continuous. Show that L: C([0,1], R) — C([0, 1], R) defined by

1
LF(y) = /0 k(x, y)f(x) dx

is a linear operator. That is, first show that L is well-defined by showing that Lf is continuous whenever f is,
and then showing that L is linear.

Exercise 8.1.7: Let &, be the vector space of polynomials in one variable of degree n or less. Show that Py, is
a vector space of dimension n + 1.

Exercise 8.1.8: Let R[t] be the vector space of polynomials in one variable t. Let D : R[t] — R[¢t] be the
derivative operator (derivative in t). Show that D is a linear operator.
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Exercise 8.1.9: Let us show that Proposition 8.1.18 only works in finite dimensions. Take the space of
polynomials R[t] and define the operator A: R[t] — R[t] by A(P(t)) := tP(t). Show that A is linear and
one-to-one, but show that it is not onto.

Exercise 8.1.10: Finish the proof of Proposition 8.1.17 in the finite-dimensional case. That is, suppose
{x1,x2,...xn} isabasis of X, {y1, Y2, ... yn} C Y, and define a function

A(x) = Z bk]/k, Zf X = Zbkxk.
k=1 k=1

Prove that A: X — Y is linear.

Exercise 8.1.11: Prove Proposition 8.1.19. Hint: A linear transformation is determined by its action on
a basis. So given two bases {x1,...,xn} and {y1,...,ym} for X and Y respectively, consider the linear
operators Ajy that send Ajrxj = yx, and Ajxxe = 0if £ # j.

Exercise 8.1.12 (Easy): Suppose X and Y are vector spaces and A € L(X,Y) is a linear operator.
a) Show that the nullspace N = {x € X : Ax = 0} is a vector space.
b) Show that the range R == {y € Y : Ax =y for some x € X} is a vector space.

Exercise 8.1.13 (Easy): Show by example that a union of convex sets need not be convex.
Exercise 8.1.14: Compute the convex hull of the set of 3 points {(0,0), (0,1), (1,1)} in R

Exercise 8.1.15: Show that the set {(x,y) € R? : y > x?} is a convex set.

Exercise 8.1.16: Show that the set X c C([0, 1], R) of those functions such that /01 f =1is a convex set,
but not a vector subspace. Compare Exercise 8.1.4.

Exercise 8.1.17: Show that every convex set in R" is connected using the standard topology on R".

Exercise 8.1.18: Suppose K C R? is a convex set such that the only point of the form (x,0) in K is the point
(0,0). Further suppose that (0,1) € Kand (1,1) € K. Show that if (x,y) € Kand x # 0, then y > 0.

Exercise 8.1.19: Prove that an arbitrary intersection of vector subspaces is a vector subspace. That is, if X
is a vector space and {V }er is an arbitrary collection of vector subspaces of X, then (1 Va is a vector
subspace of X.

Exercise 8.1.20 (Easy): Finish the proof of Proposition 8.1.16, that is, prove the first four items of the
proposition.
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8.2 Analysis with vector spaces

Note: 3 lectures

8.2.1 Norms

Let us start measuring the size of vectors and hence distance.

Definition 8.2.1. If X is a vector space, then we say a function ||-[|: X — R is a norm if
() |[x]| = 0, with ||x|| = 0if and only if x = 0.
(i) |[ex|| = |c|||x]|| forall c € R and x € X.
@iii) |[x +y| < ||x|| + |ly|l forall x,y € X (triangle inequality).

A vector space equipped with a norm is called a normed vector space.

Given a norm (any norm) on a vector space X, define a distance d(x, y) := ||x — y/||, which
makes X into a metric space (exercise). So what you know about metric spaces applies to
normed vector spaces. Before defining the standard norm on R”, we define the standard
scalar dot product on R". For x = (x1,x2,...,x,) € R"and vy = (y1, y2, ..., yn) € R" define

n

Xy = Zxkyk.

k=1

Dot product is linear in each variable separately—in more fancy language, it is bilinear.
That is, if y is fixed, the map x + x - y is a linear map from R" to R. Similarly, if x is fixed,
y > x -y is linear. It is symmetric in the sense that x - y = y - x. Define the euclidean norm as

]l = llxllre = Va2 = V(1) + (x2)2 + -+ + (x0)2-

We will normally write ||x||, only in the rare instance when it is necessary to emphasize
that we are talking about the euclidean norm will we write ||x||r». Unless otherwise stated,
if we talk about R" as a normed vector space, we mean the standard euclidean norm. It is
easy to see that the euclidean norm satisfies (i) and (ii). To prove that (iii) holds, the key
inequality is the so-called Cauchy-Schwarz inequality we saw before. As this inequality
is so important, we state and prove a slightly stronger version using the notation of this
chapter.

Theorem 8.2.2 (Cauchy-Schwarz inequality). Let x,y € R", then

lx -yl < llxlHiyll = vx - x vy -y,

with equality if and only if x = Ay or y = Ax for some A € R.
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Proof. If x = 0 or y = 0, then the theorem holds trivially. So assume x # 0 and y # 0.
If x is a scalar multiple of y, thatis, x = Ay for some A € R, then the theorem holds
with equality:

Ix -yl = Ay -yl = Ay -yl = [ALyl> = 1Ayl = 1]yl
Fixing x and v, ||x + ty||? is a quadratic polynomial as a function of ¢:
||x+ty||2 =(x+ty)-(x+ty)=x-x+x-ty+ty-x+ty-ty = ||x||2+2t(x-y)+t2||y||2.

If x is not a scalar multiple of y, then ||x + ty||> > 0 for all t. So the polynomial ||x + ty||? is
never zero. Elementary algebra says that the discriminant must be negative:

4(x - y)* = 4llx [Pyl < 0.
In other words, (x - y)2 < 1xIPyl1>. O
Item (iii), the triangle inequality in R”, follows from:
2
lx+yl?>=x-x+y-y+20x-y) < x>+ Iy 7+ 2(1xl i) = (el + 1yl

The distance d(x, y) = ||x — y|| is the standard distance (standard metric) on R" that
we used when we talked about metric spaces.

Definition 8.2.3. Let A € L(X,Y). Define
Al == sup{||Ax|| :x € X with ||x]|| = 1}.

The number ||A|| (possibly o) is called the operator norm. We will see below that it is indeed
a norm on L(X, Y) for finite-dimensional spaces. Again, when necessary to emphasize
which norm we are talking about, we may write it as [|Al|rx v)-

For example, if X = R! with norm ||x|| = |x|, elements of L(X) are multiplication
by scalars, x — ax, and we identify a € R with the corresponding element of L(X). If
x|l = |x| = 1, then |ax| = |a|, so the operator norm of a is |a].

By linearity, HAﬁ“ = ”ﬁc TIH for all nonzero x € X. The vector 7 is of norm 1. Therefore,

A
IA]l = sup{[|Ax]| : x € X with [|x|| = 1} = sup IAx]]
xe)é ”X”
X+

This implies, assuming ||A|| # oo to avoid a technicality when x = 0, that for every x € X,
[Ax| < lATllx]l-

Conversely, if one shows ||[Ax|| < C||x|| for all x, then ||A]| < C.
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It is not hard to see from the definition that ||A|| = 0 if and only if A = 0, where A = 0
means that A takes every vector to the zero vector. It is also not difficult to compute the
operator norm of the identity operator:

11 = sup ML g 1
xeX [| x|l xeX || ]|
x#0 x#0

The operator norm is not always so easy to compute using the definition alone, nor is it
easy to read off the form of the operator. Consider R? and the operator A € L(R?) that
takes (x, y) to (x + y,2x). Unit norm vectors can be written as (+t, +V1 —t2) for t € [0, 1]
(or perhaps (cos(0), sin(6))). One then maximizes

IAGx, )|l = \/(t + VI - t2)2 42

to find ||A|| = V3 + V5. More generally, one often does two steps. For instance, consider
the operator B € L(C([0, 1], R), R) taking a continuous f to f(0). If || || = 1 (the uniform
norm), then clearly |f(0)| < 1,so |Bf| < 1, meaning ||B|| < 1. To prove it is equal to 1, note
that the constant function 1 has norm 1, so B1 = 1, meaning ||B|| > 1. So ||B|| = 1.

The operator norm is not always a norm on L(X, Y), in particular, ||Al| is not always
finite for A € L(X,Y). We prove below that ||A| is finite when X is finite-dimensional. The
operator norm being finite is equivalent to A being continuous. For infinite-dimensional
spaces, neither statement needs to be true. For an example, consider the vector space of
continuously differentiable functions on [0, 27t] using the uniform norm. The functions
t + sin(nt) have norm 1, but their derivatives have norm n. So differentiation, which is a
linear operator valued in the space of continuous functions, has infinite operator norm on
this space. We will stick to finite-dimensional spaces.

Given a finite-dimensional vector space X, we often think of R", although if we have a
norm on X, the norm might not be the standard euclidean norm. In the exercises, you can
prove that every norm on R" is “equivalent” to the euclidean norm in that the topology it
generates is the same. For simplicity, we only prove the following proposition for euclidean
spaces, and the proof for general finite-dimensional spaces is left as an exercise.

Proposition 8.2.4. Let X and'Y be normed vector spaces, A € L(X,Y), and X is finite-dimensional.
Then ||A|| < oo, and A is uniformly continuous (Lipschitz with constant ||A]).

Proof. As we said we only prove the proposition for euclidean spaces, so suppose that
X = R" and the norm is the standard euclidean norm. The general case is left as an exercise.
Let {e1, ez, ..., e,} be the standard basis of R". Write x € R"”, with ||x|| = 1, as

n
X = Z Ck k.
k=1

Since ey - e, = 0 whenever k # ¢ and ¢ - ex = 1, we have cx = x - ex. By Cauchy-Schwarz,

ekl =l - exl < x|l lexll = 1.
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Then

n

Z cr Aey

k=1

| Ax]| =

n n
< > lecl Al < > llAell.
k=1 k:]_

The right-hand side does not depend on x. We found a finite upper bound for ||Ax||
independent of x, so ||A|| < co.
Take normed vector spaces X and Y, and A € L(X,Y) with [|A|| < co. Forv,w € X,

[Av — Aw|| = |A(v = w)|| < [|A][|lo = wll.
As ||A]| < oo, then the inequality above says that A is Lipschitz with constant ||A]|. O

Proposition 8.2.5. Let X, Y, and Z be finite-dimensional normed vector spaces®.

(i) IfA,Be L(X,Y)and c € R, then
A+ Bl < Al +1IBIl, [lcAll = |c||A]l-

In particular, the operator norm is a norm on the vector space L(X,Y).
(ii) If A€ L(X,Y)and B € L(Y, Z), then

IBAIl < 1Bl | All-

Proof. First, since all the spaces are finite-dimensional, then all the operator norms are
tinite, and the statements make sense to begin with.
For (i), let x € X be arbitrary. Then

(A + B)x|| = ||Ax + Bx|| < [|Ax[| + [ Bx|| < |A[l x|l + Bl l|x]l = (IIAll + [IBI[)[lx]I-
So ||A + BJ| < [|A|l + ||B|. Similarly,
IcA)x|l = lel [IAx]l < (lel 1A N1x]l-
Thus ||cAl| < |c|||A]|. Next,
el |Ax]| = llcAx|| < [lcAll |x]|.
Hence |c| ||A]| < ||cA]|.
For (ii), write
IBAx|| < [|BI[ l|Ax]| < [[BI| [IA[] [[x]]- O

A norm defines a metric, giving a metric space topology on L(X, Y) for finite-dimensional
vector spaces. So, we can talk about open/closed sets, continuity, convergence, etc.

*If we strike the “In particular” part and interpret the algebra with infinite operator norms properly,
namely decree that 0 times oo is 0, then this result also holds for infinite-dimensional spaces.



24 CHAPTER 8. SEVERAL VARIABLES AND PARTIAL DERIVATIVES

Proposition 8.2.6. Let X be a finite-dimensional normed vector space. Let GL(X) C L(X) be the
set of invertible linear operators.”
(i) If A € GL(X), B € L(X), and .
|A =B < m/ (8.2)
then B € GL(X), that is, B is invertible. In particular, GL(X) is open.
(if) A A~lisa continuous function on GL(X).

We illustrate this proposition on a simple example. Consider X = R!, where linear
operators are just numbers a and the operator norm of a is |a|. The operator a4 is invertible
(a~! = 1/a) whenever a # 0. The condition |a — b| < Ia+1| indeed implies that b is not zero.
Moreover, a +— 1/a is a continuous function. When the dimension is 2 or higher, there are

other noninvertible operators than just zero, and things are a bit more difficult.

Proof. Let us prove (i). We know something about A™! and A — B; they are linear operators.
So apply them to a vector:
AY(A-B)x =x-A'Bx.

Therefore,

IxIl = |A7H(A = B)x + A~ Bx||
< IATHHIA = BIHIx] + AT 1Bl

Assume x # 0 and so ||x|| # 0. Using (8.2), we obtain
el < [lxll + AT {1 Bx]l.

Thus ||Bx|| # 0 for all x # 0, and consequently Bx # 0 for all x # 0. So B is one-to-one; if
Bx = By, then B(x —y) = 0,s0 x = y. As B is a one-to-one linear mapping from X to X,
which is finite-dimensional, it is also onto by Proposition 8.1.18. Therefore, B is invertible.
It follows that, in particular, GL(X) is open.

Let us prove (ii). We must show that the inverse is continuous. Fix a A € GL(X). Let
B be near A, specifically [|A - B|| < m. Then (8.2) is satisfied and B is invertible. A

similar computation as above (using B~y instead of x) gives

_ _ _ _ 1, _
IB=yll < IATHHIA = BByl + ATyl < SIBT il + 1A Iy,
or
1Byl < 21l A7M lyll.

So BT < 2[|A7H.
Now
AYA-BB'=ATYAB'-)=B1 - A7,

*GL(X) is called the general linear group, that is where the acronym GL comes from.
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and
B = A7 = AN A - BB < AN 1A - B 1B~ < 2/lA7" 1214 - BI.

Therefore, as B tends to A, ||[B™t — A7!|| tends to 0, and so the inverse operation is a
continuous function at A. O

8.2.2 Matrices

Once we fix a basis in a finite-dimensional vector space X, we can represent a vector of X as an
n-tuple of numbers—a vector in R”. Same can be done with L(X, Y), bringing us to matrices,
which are a convenient way to represent finite-dimensional linear transformations. Suppose
{x1,x2,...,x,} and {y1, 2, ..., ym} are bases for vector spaces X and Y respectively. A
linear operator is determined by its values on the basis. Given A € L(X,Y), Ax; is an
element of Y. Define the numbers a; ; via

m

Ax]- = Z ai,]- Yi, (8.3)

i=1

and write them as a matrix, which we, by slight abuse of notation, also call A,

a1 Aaip - A
_ az1 azz A2
Am,1 Am2 - Amn

We sometimes write A as [a; j]. We say A is an m-by-n matrix. The jth column of the matrix
contains precisely the coefficients that represent Ax; in terms of the basis {y1,y2,..., ym}-.
Given the numbers a; j, then via the formula (8.3), we find the corresponding linear
operator, as it is determined by the action on a basis. Hence, once we fix bases on X and Y,
we have a one-to-one correspondence between L(X, Y) and the m-by-n matrices. When

n
z = ZZ]' x]',
j=1
then

n n m m n
2= Faan =3 (S - 5|3
j=1 j=1  \i=1 i=1 \ j=1

which gives rise to the familiar rule for matrix multiplication, thinking of z as a column
vector, that is, an n-by-1 matrix. More generally, if B is an n-by-r matrix with entries b; x,
then the matrix for C = AB is an m-by-r matrix whose (i, k)th entry c; x is

n

Cik = Z 111',]' bj,k-

j=1
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A way to remember it is if you order the indices as we do, that is row, column, and put the
elements in the same order as the matrices, then the “middle index” is “summed-out.”

There is a one-to-one correspondence between matrices and linear operators in L(X, Y),
once we fix bases in X and Y. If we choose different bases, we get different matrices. This
is an important distinction. The operator A acts on elements of X, while the matrix is
something that works with n-tuples of numbers, that is, vectors of R". By convention, we
use standard bases in R” unless otherwise specified, and we identify L(R", R™) with the
set of m-by-n matrices.

A linear mapping changing one basis to another is represented by a square matrix in
which the columns represent vectors of the second basis in terms of the first basis. We call
such a linear mapping a change of basis. So for two choices of a basis in an n-dimensional
vector space, there is a linear mapping (a change of basis) taking one basis to the other, and
this corresponds to an n-by-n matrix which does the corresponding operation on R".

Suppose X = R", Y = R™, and all the bases are just the standard bases. Using the
Cauchy-Schwarz inequality, with ¢ = (c1, ¢z, ..., ¢,) € R", compute

m n 2 m n n m n
2 2 2 2 2
HAcl? ="M ajei | < DD @ || D@ || =] D0 D @i |liel
i=1 \ j=1 i=1 \\ j=1 j=1 i=1 j=1

In other words, we have a bound on the operator norm (note that equality rarely happens)

1Al <

The right hand side is the euclidean norm on R"", the space of all the entries of the matrix.
If the entries go to zero, then ||A|| goes to zero. Conversely,

m n

DD @) = zn]uAejnZ < inAnz = nl|A[1%.
j=1 j=1

i=1 j=1

So if the operator norm of A goes to zero, so do the entries. In particular, if A is fixed and B
is changing, then the entries of B go to the entries of A if and only if B goes to A in operator
norm (||A — B|| goes to zero). We have proved:

Proposition 8.2.7. The topology (the set of open sets) on L(R",R™) is the same whether we
consider L(R", R™) as a metric space using the operator norm, or the euclidean metric of R™"™.

In particular, let S be a metric space and let : L(R", R™) — R"™ identify an operator with
the nm-tuple of entries of the corresponding matrix. Then f: S — L(R", R™) is continuous if and
onlyifto f: S — R"™™ is continuous. Similarly for ¢: L(R*,R™) — Sand gon™': R" — .
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8.2.3 Determinants

A certain number can be assigned to square matrices that measures how the corresponding
linear mapping stretches space. In particular, this number, called the determinant, can be
used to test for invertibility of a matrix.

Define the symbol sgn(x) (read “sign of x”) for a number x by

-1 ifx <0,
sgn(x) =40 ifx=0,
1 if x > 0.
A permutation ¢ = (01, 02, ...,0,) is a reordering of (1,2, ..., n). Define
sgn(o) =sgn(o1,...,04) = l_[ sgn(oy — op). (8.4)
p<q

Here [] stands for multiplication, similarly to how }; stands for summation.

Every permutation can be obtained by a sequence of transpositions (switchings of two
elements). A permutation is even (resp. odd) if it takes an even (resp. odd) number of
transpositions to get from (1,2, ...,n) to o. For instance, (2,4, 3, 1) is two transpositions
away from (1,2,3,4) and is therefore even: (1,2,3,4) — (2,1,3,4) — (2,4,3,1). Being
even or odd is well-defined: sgn(o) is 1 if ¢ is even and —1 if ¢ is odd (exercise). This fact
follows since applying a transposition changes the sign and sgn(1,2,...,n) = 1.

Let S, be the set of all permutations on 7 elements (the symmetric group). Let A = [a; ;]
be a square n-by-n matrix. Define the determinant of A as

det(A) = Z sgn(o) ﬁailgi.
i=1

€S,
Proposition 8.2.8.
(i) det(I) = 1.
(iiy Forevery j=1,2,...,n, the function xj — det([x1 x2 --- x,])is linear.

(ii) If two columns of a matrix are interchanged, then the determinant changes sign.
(iv) If two columns of A are equal, then det(A) = 0.
(v) If a column is zero, then det(A) = 0.
(vi) A det(A) is a continuous function on L(R").
(vii) det([2Y]) = ad - be, and det([a]) = a.

In fact, the determinant is the unique function that satisfies (i), (ii), and (iii), but we
digress. By (ii), we mean that if we fix all the vectors x1, ..., x, except for x;, and let
v, w € R" be two vectors, and a,b € R be scalars, then

det([x1 -+ xj1 (av+bw) xjy1 -+ x4]) =
adet([x1 -+ xjo1 v Xjy1 co- xp])+bdet([x1 - xjo0 w Xy e xal).
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Proof. We go through the proof quickly, as you have likely seen it before. Item (i) is trivial.
For (ii), note that each term in the definition of the determinant contains exactly one
factor from each column. Item (iii) follows as switching two columns is switching the two
corresponding numbers in every element in S,,. Hence, all the signs are changed. Item (iv)
follows because if two columns are equal, and we switch them, we get the same matrix
back. So item (iii) says the determinant must be 0. Item (v) follows because the product in
each term in the definition includes one element from the zero column. Item (vi) follows
as det is a polynomial in the entries of the matrix and hence continuous (as a function of
the entries of the matrix). A function defined on matrices is continuous in the operator
norm if and only if it is continuous as a function of the entries (Proposition 8.2.7). Finally,
item (vii) is a direct computation. O

The determinant tells us about areas and volumes, and how they change. For example,
in the 1-by-1 case, a matrix is just a number, and the determinant is exactly this number. It
says how the linear mapping “stretches” the space. Similarly, suppose A € L(R?) is a linear
transformation. It can be checked directly that the area of the image of the unit square
A([0,1]?) is |det(A)], see Figure 8.3 for an example. This works with arbitrary figures,
not just the unit square: The absolute value of the determinant tells us the stretch in the
area. The sign of the determinant tells us if the image is flipped (changes orientation)
or not. In R3 it tells us about the 3-dimensional volume, and in 1 dimensions about the
n-dimensional volume. We claim this without proof.

---------- e
T 1
......... ‘ —
0l 1 ot
17T

Figure 8.3: Image of the unit square [0, 1]° via the matrix [ 4 ] The image is a square of side
V2, thus of area 2, and the determinant of the matrix is 2.

Proposition 8.2.9. If A and B are n-by-n matrices, then det(AB) = det(A) det(B). Furthermore,

A is invertible if and only if det(A) # 0 and in this case, det(A™') = detl( -

Proof. Let by, by, ...,b, be the columns of B. Then
AB =[Aby Aby, --- Ab,].

That is, the columns of AB are Aby, Ab,, ..., Ab,.
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Let b; x denote the elements of B and a; the columns of A. By linearity of the determinant,

n
det(AB) = det([Aby Aby --- Ab,]) = det ij,laj Aby, --- Ab,
j=1
n
= ) bjadet([a; Aby - Ab])
j=1
= Z bj1,1b]'2,2---bjn,ndet([a]'l Aj, - ajn])

1Sj1/j2/~--,jn Sn

Z bji1bj2 - bjynsgn(i, jo, .., ju) |det([ar a2 -+ ayl).
(jler/--~/jn)€Sn

In the last equality, we sum over the elements of S,, instead of all n-tuples for integers
between 1 and n, because when two columns in the determinant are the same, then the
determinant is zero. Reordering the columns to the original ordering to obtains the sgn.

The conclusion that det(AB) = det(A) det(B) follows by recognizing that the expression
in parentheses above is the determinant of B. We obtain this by plugging in A = I. The
expression we get for the determinant of B has rows and columns swapped, so as a bonus,
we have also just proved that the determinant of a matrix and its transpose are equal.

Let us prove the “Furthermore.” If A is invertible, then A™'A = I. Consequently
det(A~1)det(A) = det(A~1A) = det(I) = 1. If A is not invertible, then it is not one-to-one,
and so A takes some nonzero vector to zero. In other words, the columns of A are linearly

dependent. Suppose
n
Z Yeak =0,
k=1

where not all y, are equal to 0. Without loss of generality, suppose y1 # 0. Take

[y1 0 0 -~ 0
y2 1.0 -+ 0
B=|y3 01 - 0].
yn 00 - 1

Using the definition of the determinant (there is only a single permutation o for which
[T, bi,s; is nonzero) we find det(B) = y1 # 0. Then det(AB) = det(A) det(B) = y1 det(A).
The first column of AB is zero, and hence det(AB) = 0. We conclude det(A) = 0. O

Proposition 8.2.10. Determinant is independent of the basis: If A and B are n-by-n matrices and
B is invertible, then
det(A) = det(B~'AB).
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Proof. det(B'AB) = det(B™!) det(A) det(B) = #@ det(A) det(B) = det(A). O

If in one basis A is the matrix representing a linear operator, then for another basis we
can find a matrix B such that the matrix B"LAB takes us to the first basis, applies A in the
first basis, and takes us back to the basis we started with. Let X be a finite-dimensional
vector space. Let ® € L(X, R") take a basis {x1, ..., x,} to the standard basis {e1, ..., e, }
and let W € L(X, R") take another basis {y1, ..., y,} to the standard basis. Let T € L(X) be
a linear operator and let a matrix A represent the operator in the basis {x1, ..., x,}. Then
B would be such that we have the following diagram™:

Rt _BAB . pn

v
Bl X — T s x|
S
Rl’l A } Rn
The two R"s on the bottom row represent X in the first basis, and the R"s on top represent
X in the second basis.

If we compute the determinant of the matrix A, we obtain the same determinant if we
use any other basis; in the other basis the matrix would be B~ AB. Consequently,

det: L(X) > R
is a well-defined function without the need to fix a basis. That is, det is defined on L(X),
not just on matrices.

There are three types of so-called elementary matrices. Let e1, ez, .. ., e, be the standard
basis on R" as usual. First, forj =1,2,...,nand A € R, A # 0, define the first type of an
elementary matrix, an n-by-n matrix E by

Ee; i e; ifl: * ]:,
Ae; ifi=j.

Given any n-by-m matrix M the matrix EM is the same matrix as M except with the jth
row multiplied by A. It is an easy computation (exercise) that det(E) = A.
Next, for j, k with j # k and A € R, define the second type of an elementary matrix E by

Ee; i e; ifl: * ]:,
ei+Aep ifi=j.

Given any n-by-m matrix M the matrix EM is the same matrix as M except with A times
the kth row added to the jth row. It is an easy computation (exercise) that det(E) = 1.

*This is a so-called commutative diagram. Following arrows in any way should end up with the same result.
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Finally, for j and k with j # k, define the third type of an elementary matrix E by
e; ifi#jandi#k,
Eej :=qer ifi=j,

€j ifi = k.
Given any n-by-m matrix M the matrix EM is the same matrix with jth and kth rows
swapped. It is an easy computation (exercise) that det(E) = —1.
Proposition 8.2.11. Let T be an n-by-n invertible matrix. Then there exists a finite sequence of
elementary matrices E1, Ey, . .., Ex such that

T =E1Ey---Eg,
and
det(T) = det(E1) det(Ey) - - - det(Ey).

The proof is left as an exercise. The proposition says we can compute the determinant
via elementary row operations. We do not have to factor the matrix into a product of
elementary matrices completely. It is sufficient to do row operations until we find an upper
triangular matrix, that is, a matrix [a; j] where a; ; = 0 if i > j. Computing determinant of
such a matrix is not difficult (exercise).

Factorization into elementary matrices (or variations on elementary matrices) is useful
in proofs involving an arbitrary linear operator, by reducing to a proof for an elementary
matrix, similarly as the computation of the determinant.

8.2.4 Exercises

Exercise 8.2.1: For a vector space X with a norm ||-||, show that d(x, y) = ||x — y|| makes X a metric space.
Exercise 8.2.2 (Easy): Show that for square matrices A and B, det(AB) = det(BA).
Exercise 8.2.3: For x € R", define
lxlle = max{lxal, 1xal, .., lxal},
sometimes called the sup or the max norm.

a) Show that ||-||e s a norm on R" (defining a different distance).
b) What is the unit ball B(0, 1) in this norm?

Exercise 8.2.4: For x € R", define

n
el = > Jxel,
k=1

sometimes called the 1-norm (or L' norm).
a) Show that ||-||1 is a norm on R" (defining a different distance, sometimes called the taxicab distance).

b) What is the unit ball B(0, 1) in this norm? Think about what it is in R2 and R3. Hint: It is, for example,
a convex hull of a finite number of points.
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Exercise 8.2.5: Using the euclidean norm on R?, compute the operator norm of the operators in L(R?) given
by the matrices:

o ls3] D[5] ofei]l H[8s
Exercise 8.2.6: Using the standard euclidean norm R", show:

a) Suppose A € L(R, R") is defined for x € R by Ax := xa for a vector a € R". Then the operator norm
|AllLr,rry = lla|lrn. (That is, the operator norm of A is the euclidean norm of a.)

b) Suppose B € L(R", R) is defined for x € R" by Bx := b - x for a vector b € R". Then the operator norm
IBllLwe Ry = [1bllrr.
Exercise 8.2.7: Suppose o = (01,02, ...,0y) is a permutation of (1,2, ..., n).
a) Show that we can make a finite number of transpositions (switching of two elements) to get to (1,2, ..., n).
b) Using the definition (8.4) show that o is even if sgn(c) = 1 and ¢ is odd if sgn(c) = —1. In particular,
showing that being odd or even is well-defined.
Exercise 8.2.8: Verify the computation of the determinant for the three types of elementary matrices.

Exercise 8.2.9: Prove Proposition 8.2.11.

Exercise 8.2.10:

a) Suppose D = [d; ;] is an n-by-n diagonal matrix, that is, d;j = 0 whenever i # j. Show that
det(D) = d1,1d2,2 <. dn,n'

b) Suppose A is a diagonalizable matrix. That is, there exists a matrix B such that B"AB = D for a
diagonal matrix D = [d; ;. Show that det(A) = d11d2 -~ dy,n.

Exercise 8.2.11: Take the vector space of polynomials R[t] and let D € L(R[t]) be differentiation (we
proved in an earlier exercise that D is a linear operator). Given P(t) = co + c1t + -+ + c,t" € R[t] define
IP|| :=sup{lcjl : j =0,1,2,...,n}.

a) Show that ||-|| is a norm on R[t].

b) Prove ||D|| = co. Hint: Consider the polynomials t" as n tends to infinity.

Exercise 8.2.12: We finish the proof of Proposition 8.2.4. Let X be a finite-dimensional normed vector space
with basis {x1,x2,...,xn}. Denote by ||-||x the norm on X, by ||-||r» the standard euclidean norm on R",
and by ||-||Lx,y) the operator norm.

a) Define f: R" — R,
f(C1/C2/ ceey Cn) = ”Clxl +CoXp+ -+ Cnxn“X-
Show f is continuous.

b) Show that there exist numbers m and M such that if ¢ = (c1,¢2,...,cn) € R" with ||c||rr =1, then
m < ||c1x1 + cxo + -+ - + cpxy|lx < M.

c) Show that there exists a number B such that if ||c1x1 + coxp + -+ + cuXullx = 1, then |cj| < B.

d) Use part c) to show that if X is a finite-dimensional vector space and A € L(X,Y), then ||All x,y) < .
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Exercise 8.2.13: Let X be a finite-dimensional vector space with basis {x1,x2,...,xn}.

a) Let ||-||x beanormon X, c = (c1,¢2,...,¢,) € R", and ||-||r» the standard euclidean norm on R".
Prove that there exist numbers m, M > 0 such that for all c € R",

m|lc]lre < |le1xt + coxp + -+ + cpxn|lx < M||c]|rn.

Hint: See the previous exercise.

b) Use part a) to show that if ||-||1 and ||-||2 are two norms on X, then there exist numbers m, M > 0
(perhaps different from above) such that for all x € X,

mllx|l1 < [lxll2 < Mlx]lx.

c) Show that U C X is open in the metric defined by ||x — y||, if and only if U is open in the metric defined
by ||x = y||,. So convergence of sequences and continuity of functions is the same in either norm.

Exercise 8.2.14: Let A be an upper triangular matrix. Find a formula for the determinant of A in terms of
the diagonal entries, and prove that your formula works.

Exercise 8.2.15: Given an n-by-n matrix A, prove that |det(A)| < ||A||" (the norm on A is the operator
norm). Hint: One way to do it is to first prove it in the case ||A|| = 1, which means that all columns are of
norm 1 or less, then prove that this means that |det(A)| < 1 using linearity.

Exercise 8.2.16: Consider Proposition 8.2.6 where X = R" (for all n) using the euclidean norm.

a) Prove that the estimate |A — B|| < m is the best possible: For every A € GL(R"), find a B where
equality is satisfied and B is not invertible. Hint: Difficulty is that ||A||||A7Y|| is not always 1. Prove
that a vector x1 can be completed to a basis {x1,...,x,} such that x1 - x; = 0 for j > 2. For the right x1,

make it so that (A — B)x; = 0 for j > 2.

b) For every fixed A € GL(R"), let Jl denote the set of matrices B such that ||A — B|| < m. Prove that

while every B € [l is invertible, ||B~!|| is unbounded as a function of B on JL.

Let A be an n-by-n matrix. A A € C (possibly complex even for a real matrix) is an eigenvalue of
A if there is a nonzero (possibly complex) vector x € C" such that Ax = Ax (the multiplication by
complex vectors is the same as for real vectors; if x = a + ib for real vectors a4 and b, and A is a real
matrix, then Ax = Aa + iAb). The number

p(A) = sup{|/\| : A is an eigenvalue of A}

is the spectral radius of A. Here |A| is the complex modulus. We state without proof that at least one
eigenvalue always exists, and there are no more than n distinct eigenvalues of A. You can therefore
assume that 0 < p(A) < co. The exercises below hold for complex matrices, but feel free to assume
they are real matrices.

Exercise 8.2.17: Let A, S be n-by-n matrices, where S is invertible. Prove that A is an eigenvalue of A, if
and only if it is an eigenvalue of STLAS. Then prove that p(S™YAS) = p(S). In particular, p is a well-defined
function on L(X) for every finite-dimensional vector space X.
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Exercise 8.2.18: Let A be an n-by-n matrix A.

a) Prove p(A) < ||Al|. (See above for definition of p.)

b) For every k € N, prove p(A) < ||A¥||V/%.

c) Suppose kh_ri\o AK = 0 (limit in the operator norm). Prove that p(A) < 1.

Exercise 8.2.19: We say a set C C R" is symmetric if x € C implies —x € C.

a) Let ||-|| be any given norm on R". Show that the closed unit ball C(0, 1) (using the metric induced by
this norm) is a compact symmetric convex set.

b) (Challenging) Let C C R" be a compact, but note symmetric convex set and 0 € C. Show that
|x]| = inf{/\ :A > 0and ; € C}

is a norm on R", and C = C(0, 1) (the closed unit ball) in the metric induced by this norm.

Hint: Feel free to the result of Exercise 8.2.13 part c). In particular, whether a set is “compact” is independent
of the norm.
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8.3 The derivative

Note: 2-3 lectures

8.3.1 The derivative

For a function f: R — R, we defined the derivative at x as

limf(x+h)_f(x).

h—0 h

In other words, there is a number a (the derivative of f at x) such that

fim [0 2S00 flatl) = fe)zah] o 1t = f@) —ahl

ho0 7 I s 7] 0

a‘ = lim

h—0

Multiplying by a is a linear map in one dimension: h +— ah. Namely, we think of

a € L(R!, R!), which is the best linear approximation of how f changes near x. We use this
interpretation to extend differentiation to more variables.

Definition 8.3.1. Let U C R" be openand f: U — R™ a function. We say f is differentiable
at x € U if there exists an A € L(R", R™) such that

oo WG4 = () = ARl _

h—0 || 72]]
heR"

0.

We will show momentarily that A, if it exists, is unique. We write D f(x) := A, or f'(x) == A,
and we say A is the derivative of f at x. When f is differentiable at every x € U, we say
simply that f is differentiable. See Figure 8.4 for an illustration.

For a differentiable function, the derivative of f is a function from U to L(R",R™).
Compare to the one-dimensional case, where the derivative is a function from U to R,
but we really want to think of R here as L(R!, R!). As in one dimension, the idea is that
a differentiable mapping is “infinitesimally close” to a linear mapping, and this linear
mapping is the derivative.

Notice the norms in the definition. The norm in the numerator is on R", and the norm
in the denominator is on R"” where h lives. Normally it is understood that & € R" from
context (the formula makes no sense otherwise). We will not explicitly say so from now on.
Let us prove, as promised, that the derivative is unique.

Proposition 8.3.2. Let U C R" be an open subset and f: U — R™ a function. Suppose x € U
and there exist A, B € L(R", R™) such that

||f(x+h)—f(x)—Ah||:0 nd hmllf(x+h)—f(x)—Bh||:
h—0 TN h—0 || 2]

Then A = B.

0.
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y = f(x1,x2)

X1

Figure 8.4: Illustration of a derivative for a function f: R> — R. The vector } is shown in the
x1x2-plane based at (x1, x2), and the vector Ah € R! is shown along the y direction.

Proof. Suppose h € R", h # 0. Compute

I(A = B)h|| _ I=(f(x + ) = f(x) - Ah) + f(x + ) — f(x) - Bh]|
12l lIA]]
Mfae+ By = fG) = ARl Nf G+ h) = f(x) - Bh]|
< + .
7] 7]
So ”(A”_hlﬂ)h” — 0as h — 0. Given € > 0, for all nonzero & in some 6-ball around the origin
we have
[(A = B)h| H h
—— =|((A-B)—]||.
[IA]] [IA]]
For any given v € R" with ||v|]| = 1, if h = (%/2)v, then ||k|| < 0 and ﬁ = v. So
(A = B)v|| < €. Taking the supremum over all v with ||v|| = 1, we get the operator norm
||A — B|| < €. As € > 0 was arbitrary, |A — B|| = 0, or in other words A = B. O

Example 8.3.3: If f(x) = Ax for a linear mapping A, then f’(x) = A:

If(x+h)— f(x) - AR|l _ JJA(x+h) - Ax— Akl _ O

= =0.
17211 1721l 1721l

Example 8.3.4: Let f: R? — R? be defined by

fx,y) = (A, ), Ax,y) = (1 +x +2y + x%,2x + 3y + xy).

Let us show that f is differentiable at the origin and compute the derivative directly using
the definition. If the derivative exists, it is in L(R?, R?), so it can be represented by a 2-by-2
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matrix [ at ] . Suppose h = (h1, h2). We need the following expression to go to zero.
£, a) = £(0,0) = (al + bha, chy + dha)|| _
[[(h1, ho)|
V(@ =0l + @ =b)ha + 12)° + (2= Oy + (3 = d)ha + )’

2+ h?

If we choosea =1,b =2, c =2,d = 3, the expression becomes

1/h‘f+h%h§ 1/h%+h§
= |

[12 ., 12 [12 ., 12

h1+h2 h1+h2

This expression does indeed go to zero as i — 0. The function f is differentiable at the

origin and the derivative f’(0) is represented by the matrix [% %] .

Proposition 8.3.5. Let U C R" be open and f: U — R™ be differentiable at p € U. Then f is
continuous at p.

= |hy].

Proof. Another way to write the differentiability of f at p is to consider

r(h) == f(p +h) = f(p) = f(p)h.

The function f is differentiable at p if ”T|(hh|f” goes to zero as h — 0, so r(h) itself goes to zero.

The mapping h — f’(p)h is a linear mapping between finite-dimensional spaces, hence

continuous and f’(p)h — 0as h — 0. Thus, f(p + h) must go to f(p) as h — 0. Thatis, f

is continuous at p. |
Differentiation is a linear operator on the space of differentiable functions.

Proposition 8.3.6. Suppose U C R" isopen, f: U — R" and g: U — R™ are differentiable at
p € U, and a € R. Then the functions f + g and af are differentiable at p,

(f+8V () =f (P +8'(p), and  (af)'(p) =af'(p).
Proof. Let h € R", h # 0. Then

£ + 1)+ g0 + ) = (f(p) + g(p)) = (F'(p) + &'(p)) 1]
k]
M+ - flp) - f/(p)hll, liglp + 1) = g(p) — &'(p)h|
N 1Al [IA]] '

laf(p+h)—af(p) —af'(p)h]l _ ol 1f(p + 1)~ f(p) — f'(p)hl|
gl ildl '
The limits as h goes to zero of the right-hand sides are zero by hypothesis. The result
follows. O
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If A € L(R",R™) and B € L(R™, RF) are linear maps, then they are their own derivative.
The composition BA € L(R", RF) is also its own derivative, and so the derivative of the com-
position is the composition of the derivatives. As differentiable maps are “infinitesimally
close” to linear maps, they have the same property:

Theorem 8.3.7 (Chainrule). Let U € R" and V C R™ beopen sets, f : U — R™ be differentiable
atp € U, f(U) c V,and let g: V — R’ be differentiable at f(p). Then F: U — R’ defined by

F(x) = g(f(x))

is differentiable at p, and
F(p)=¢'(f(p)f (p)-

Without the points where things are evaluated, we write F’ = (¢ o f)' = ¢’f’. The
derivative of the composition g o f is the composition of the derivatives of ¢ and f: If
f’(p) = Aand ¢’(f(p)) = B, then F'(p) = BA, just as for linear maps.

Proof. Let A := f'(p) and B = ¢’(f(p)). Take a nonzero h € R" and write g = f(p),
k= f(p+h)—f(p). Let
r(h) = f(p +h) = f(p) - Ah.

Then r(h) =k — Ah or Ah = k —r(h), and f(p + h) = g + k. We look at the quantity we
need to go to zero:

IE(p +h) — F(p) - BAR|| _ lIg(f(p + 1)) — g(f(p)) — BAR|

171 171
_ llg(q + k) —g(q) = B(k - r())]
17l
k) - §(q) — Bk
lIgla+ )”hﬁ(q) Bk|| +”B””T|(hh||)“
_lstq+ k)~ glg) = BRIIFp + 1) = FPI g ()
I il .

First, || B|| is a constant and f is differentiable at p, so the term || B|| ”Tl(hhll)” goes to 0. Next,

because f is continuous at p, k goes to 0 as h goes to 0. Thus L (q+k)”_kﬁ|(q)_3k” goes to 0,

because g is differentiable at 4. Finally,

Lfp+ )= fOI N+ 1)~ fp) = ARl JARL I+ 1) = fp) = ARIL

17 B [[7] Iml = il
As f is differentiable at p, for small enough &, the quantity I/ (p+h)”_,{”(p)_Ah” is bounded.
Hence, the term W stays bounded as h goes to 0. Therefore, (itiadl iiﬁr J-BAR

goes to zero, and F’(p) = BA, which is what was claimed. O
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8.3.2 Partial derivatives

There is another way to generalize the derivative from one dimension. We hold all but one
variable constant and take the regular one-variable derivative.

Definition 8.3.8. Let f: U — R be a function on an open set U C R". If the following limit
exists, we write

8f . f(xl,...,x]-_l,xj+h,x]-+1,...,xn)—f(x) . f(x+he]~)—f(x)
=l = lim .
Jx; h—0 h h—0 h

We call %(x) the partial derivative of f with respect to x;. See Figure 8.5. Here h is a

number, not a vector.
For a mapping f: U — R™, we write f = (fi, f2,..., fu), where fi are real-valued

functions. We then take partial derivatives of the components, =**.
]

)

B

(x1,x0)

X1

Figure 8.5: Illustration of a partial derivative for a function f: R? — R. The yx,-plane where x;
is fixed is marked in dotted line, and the slope of the tangent line in the yx;-plane is ;—3{2(3(1, X2).

Partial derivatives are easier to compute with all the machinery of calculus, and they
provide a way to compute the derivative of a function.

Proposition 8.3.9. Let U C R" be open and let f: U — R™ be differentiable at p € U. Then
all the partial derivatives at p exist and, in terms of the standard bases of R" and R™, f'(p) is
represented by the matrix

[ 0 aJ aJ ]
L) L) - e
Lp) L) . 2|

I s\ Of I
L) L) )
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In other words,
Fre =S Py
J = 8)(]'
Ifo= Z;lzl cjej=(c1,c2,...,cu), then
fp)o = ]Zl ; c;a—i:<p>ek = ; ]Zl cja—j;(m) er.

Proof. Fix a j and note that for nonzero h,

“f(P + hej) - f(p)
h

—f'(p)e; 7

_ f(p + hej) — f(p) — f'(p) hejl
[ hej| '

_ ‘ f(p +hep) = f(p) = f'(p) he;

As h goes to 0, the right-hand side goes to zero by differentiability of f. Hence,

_ flp+he)—-flp)
mfp eh] flp = Fipes.

The limit is in R™. Represent f in components f = (f1, f2, ..., fu). Taking a limit in R"
is the same as taking the limit in each component separately. So for every k, the partial
derivative

9 fi fep + hej) — fi(p)

JK =
ax]' (P) hlir(l) h

exists and is equal to the kth component of f’(p) e;, which is the jth column of f’(p), and
we are done. 0

The converse of the proposition is not true. Just because the partial derivatives exist, does
not mean that the function is differentiable. See the exercises. However, when the partial
derivatives are continuous, we will prove that the converse holds. One of the consequences
of the proposition above is that if f is differentiable on U, then f’: U — L(R",R™)is a

continuous function if and only if all the % are continuous functions.
]

8.3.3 Gradients, curves, and directional derivatives

Let U Cc R" be open and f: U — R a differentiable function. We define the gradient as
n af
Vi(x) = ; 8_x]-(x) ;.

The gradient gives a way to represent the action of the derivative as a dot product:

f'(x)v =Vf(x)-v.
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Suppose y: (a,b) ¢ R — R" is differentiable. Such a function and its image is
sometimes called a curve, or a differentiable curve. Write y = (y1,y2,...,¥n). For the
purposes of computation, we identify L(R!) and R as we did when we defined the
derivative in one variable. We also identify L(R!, R") with R”. We treat y ’(t) both as an
operator in L(R!, R") and the vector (y/(t), ,(t), ..., y,(t)) in R". Using Proposition 8.3.9,
if v € R" is y’(t) acting as a vector, then h — hov (for h € R! = R) is y’(t) acting as an
operator in L(R!, R"). We often use this slight abuse of notation when dealing with curves.
The vector y’(t) is called a tangent vector. See Figure 8.6.

Pan e
y(a) 7((a, b))

Figure 8.6: Differentiable curve and its derivative as a vector (for clarity assuming y defined on
[a,b]). The tangent vector y’(t) points along the curve.

Suppose y((a,b)) c U and let

g(t) = f(y@).

The function g is differentiable. Treating g’(t) as a number,

8f dy;

g(t)—f(y(t)y(t)—za ) ) = e

=
For convenience, we often leave out the points where we are evaluating, such as above on

the far right-hand side. With the notation of the gradient and the dot product the equation
becomes

§H=VHy®) -y ®)=Vf-y"

We use this idea to define derivatives in a specific direction. A direction is simply a
vector pointing in that direction. Pick a vector u € R” such that ||u|| = 1, and fix x € U. We
define the directional derivative as

f(x + hu) - f(X)
h

D,f(x):=— | [f(x+tu)]

where the notation %L:o represents the derivative evaluated att = 0. When u =¢; is a

standard basis vector, we find :;f] D, f. For this reason, sometimes the notation gf is
used instead of D, f.
Define y by
y(t) == x + tu.
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Then y’(t) = u for all t. Let us see what happens to f when we travel along y:

Duf(x) = 5| [Flc+ 0] = (VA ((0) ' 0) = (V) .

In fact, this computation holds whenever vy is any curve such that y(0) = x and y’(0) = u.
Suppose (Vf)(x) # 0. By the Cauchy-Schwarz inequality,

[Duf ()| < [[(V)(0)I].
Equality is achieved when u is a scalar multiple of (Vf)(x). That is, when

L VHE
VO

we get D, f(x) = |[[(Vf)(x)||. The gradient points in the direction in which the function
grows fastest, in other words, in the direction in which D,, f (x) is maximal.

8.3.4 The Jacobian

Definition 8.3.10. Let U C R" and f: U — R" be a differentiable mapping. Define the
Jacobian determinant*, or simply the Jacobian®, of f at x as

J5(x) = det(f’(x)).

Sometimes | is written as

f1, f2 -+ fn)

3()(1,3(2,...,96”).

This last piece of notation may seem somewhat confusing, but it is quite useful when
we need to specify the exact variables and function components used, as we will do, for
example, in the implicit function theorem.

The Jacobian determinant J is a real-valued function, and when n = 1 it is simply the
derivative. From the chain rule and the fact that det(AB) = det(A) det(B), it follows that:

]fog(x) =Jf (g(x))]g(x)-

The determinant of a linear mapping tells us what happens to area/volume under
the mapping. Similarly, the Jacobian determinant measures how much a differentiable
mapping stretches things locally, and if it flips orientation. In particular, if the Jacobian
determinant is non-zero than we would assume that locally the mapping is invertible (and
we would be correct as we will later see).

*Named after the Italian mathematician Carl Gustav Jacob Jacobi (1804-1851).
"The matrix from Proposition 8.3.9 representing f’(x) is called the Jacobian matrix, or sometimes confusingly
also called just “the Jacobian.”


https://en.wikipedia.org/wiki/Carl_Gustav_Jacob_Jacobi
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8.3.5 Exercises

Exercise 8.3.1: Suppose y: (-1,1) = R" and a: (-1,1) — R" are two differentiable curves such that
¥(0) = a(0) and y’(0) = a’(0). Suppose F: R" — R is a differentiable function. Show that

d d
b FO®) = | Flae).

Exercise 8.3.2: Let f: R? — R be given by f(x,y) = \x2+ y?2, see Figure 8.7. Show that f is not
differentiable at the origin.

Figure 8.7: Graph of y/x? + y2.

Exercise 8.3.3: Using only the definition of the derivative, show that the following f: R*> — R? are
differentiable at the origin and find their derivative.

a) f(x,y)=1+x+xy,x),

b) fx,y) = (y-y"x),

o fx,y)=((x+y+ 12, (x - Y+ 2)2).
Exercise 8.3.4: Suppose f: R — Rand g: R — R are differentiable functions. Using only the definition

of the derivative, show that h: R?> — R? defined by h(x,y) = (f(x), §(v)) is a differentiable function, and
find the derivative, at all points (x, y).

Exercise 8.3.5: Define a function f: R? — R by (see Figure 8.8)

=L if(x,y) #(0,0),
= X+y
fe) {0 if (x, y) = (0,0).
af f

a) Show that the partial derivatives - and 3—y exist at all points (including the origin).

b) Show that f is not continuous at the origin (and hence not differentiable).
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Figure 8.8: Graph of -

x2+y2”

Exercise 8.3.6: Define a function f: R* — R by (see Figure 8.9)

flx,y) = {% if (x,y) # (0,0),
, 0 if(x,y)=(0,0).

a) Show that the partial derivatives g—i and g—]; exist at all points.

b) Show that for all u € R? with ||u|| = 1, the directional derivative D, f exists at all points.

c) Show that f is continuous at the origin.

d) Show that f is not differentiable at the origin.

Fi x2y
igure 8.9: Graph of P




8.3. THE DERIVATIVE 45

Exercise 8.3.7: Suppose f: R" — R" is one-to-one, onto, differentiable at all points, and such that f~! is
also differentiable at all points.

a) Show that f’(p) is invertible at all points p and compute (f~)'(f(p)). Hint: Consider x = f~1(f(x)).
b) Let g: R" — R" be a function differentiable at q € R" and such that g(q) = q. Suppose f(p) = q for
some p € R". Show J(q) =] Flogo f(p) where [ is the Jacobian determinant.

Exercise 8.3.8: Suppose f: R? — R is differentiable and such that f(x,y) = 0 if and only if y = 0 and
such that V£(0,0) = (0, 1). Prove that f(x,y) > 0 whenever y > 0, and f(x,y) < 0 whenever y < 0.

As for functions of one variable, f: U — R has a relative maximum at p € U if there exists a
0 > Osuch that f(g) < f(p) for all g € B(p, ) N U. Similarly for relative minimum.

Exercise 8.3.9: Suppose U € R" isopenand f: U — R is differentiable. Suppose f has a relative maximum
at p € U. Show that f'(p) = 0, that is, the zero mapping in L(R", R). Namely, p is a critical point of f.

Exercise 8.3.10: Suppose f: R?> — R is differentiable and f(x,y) = 0 whenever x> + y*> = 1. Prove that
there exists at least one point (xo, yo) such that %(xo, Yo) = %(xo, yo) = 0.

Exercise 8.3.11: Define f(x,y) = (x — y*)(2y? — x). The graph of f is called the Peano surface.*
a) Show that (0,0) is a critical point, that is f'(0,0) = 0, that is the zero linear map in L(R?, R).

b) Show that for every direction the restriction of f to a line through the origin in that direction has a
relative maximum at the origin. In other words, for every (x,y) such that x> + y* = 1, the function
g(t) = f(tx,ty), has a relative maximum at t = 0.

Hint: While not necessary §4.3 of volume I makes this part easier.

c) Show that f does not have a relative maximum at (0, 0).

Exercise 8.3.12: Suppose f: R — R" is differentiable and || f (t)|| = 1 for all t (that is, we have a curve in
the unit sphere). Show that f'(t) - f(t) = O (treating f’(t) as a vector) for all t.

Exercise 8.3.13: Define f: R* — R by f(x,y) := (x,y + @(x)) for some differentiable function ¢ of one
variable. Show f is differentiable and find f'.

Exercise 8.3.14: Suppose U C R" isopen,p € U,and f: U - R, g: U — R, h: U — R are functions
such that f(p) = g(p) = h(p), f and h are differentiable at p, f'(p) = h'(p), and

f(x) <gx)<h(x) forallx el
Show that g is differentiable at p and g'(p) = f'(p) = h'(p).

Exercise 8.3.15: Prove a version of mean value theorem for functions of several variables. That is, suppose
U c R"isopen, f: U — R differentiable, p, q € U, and the segment [p, q] € U. Prove that there exists an

x € [p,q] such that Vf(x)-(q —p) = f(q) = f(p).

*Named after the Italian mathematician Giuseppe Peano (1858-1932).


https://en.wikipedia.org/wiki/Giuseppe_Peano
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8.4 Continuity and the derivative

Note: 1-2 lectures

8.4.1 Bounding the derivative

Let us prove a “mean value theorem” for vector-valued functions.

Lemma 8.4.1. If ¢: [a,b] — R" is differentiable on (a, b) and continuous on [a,b], then there
exists a tg € (a,b) such that

o) — @)l < (b - a)lle’(to)ll-

Proof. By the mean value theorem on the scalar-valued function ¢ ((p(b) — (p(a)) ~p(t),
where the dot is the dot product, we obtain a tg € (a, b) such that

o) — pa)|I* = (p(b) — p(a)) - (p(b) — p(a))
= (p(b) - p(a)) - p(b) = (p(b) - p(a)) - p(a)
= (b -a)(p(b) - @) - ¢’(to),

where we treat ¢’ as a vector in R" by the abuse of notation we mentioned in the previous
section. If we think of ¢’(t) as a vector, then by Exercise 8.2.6, ||¢’(t)|lr,r") = ¢’ (t)||r.
That is, the euclidean norm of the vector is the same as the operator norm of ¢’(t).

By the Cauchy-Schwarz inequality

lp(®) = @@)II* = (0 = a)(p(b) = @(a)) - ¢"(t)) < (b = D)llp(®) = p@I ¢’ (t)I. D
Recall that a set U is convex if whenever p, g € U, the line segment from p to g lies in U.

Proposition 8.4.2. Let U C R" be a convex open set, f: U — R™ be a differentiable function,
and an M be such that
If'(pll <M forallp € U.

Then f is Lipschitz with constant M, that is,

If(p) = f@Il <Mllp—qll  forallp,q € U.

Proof. Fix p and g in U and note that (1 —f)p +tg € U for all t € [0, 1] by convexity. Next

d
E[f((l —t)p + tq)] = (1 -tp +tq)(q - p).

By Lemma 8.4.1, there is some ty € (0, 1) such that

d
1) - @ <[ ], [0 =00+ 10|
< [7(@ o)y + tog)|| lg = pll < Mg = pll. 0
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Example 8.4.3: If U is not convex the proposition is not true: Consider the set
u:= {(x,y) 05 <x?+y?< 2} \ {(x,O) tx < O}.

For (x,y) € U, let f(x, y) be the angle that the line from the origin to (x, y) makes with the
positive x axis. We even have a formula for f:

Y
(x,y) =2arctan | —————|.
Jey (x +4/x? +y2)

Think a spiral staircase with room in the middle. See Figure 8.10.

Figure 8.10: A non-Lipschitz function with uniformly bounded derivative.

The function is differentiable, and the derivative is bounded on U, which is not hard
to see. Now think of what happens near where the negative x-axis cuts the annulus
in half. As we approach this cut from positive y, f(x, y) approaches ©. From negative
y, f(x,y) approaches —m. So for small € > 0, |[f(-1,€) — f(-1, —€)| approaches 27, but
(=1, €) — (-1, —¢€)|| = 2¢, which is arbitrarily small. The conclusion of the proposition
does not hold for this nonconvex U.

Let us solve the differential equation f’ = 0.
Corollary 8.4.4. If U C R" is open and connected, f: U — R™ is differentiable, and f'(x) =0
forall x € U, then f is constant.

Proof. For any given x € U, there is a ball B(x, ) ¢ U. The ball B(x, o) is convex. Since
Ilf'(y)Il <0 forall y € B(x, 0), then by the proposition, || f(x) — f(y)|| < 0]x — y|| = 0. So
f(x) = f(y) for all y € B(x, 5). Therefore, f~!(c) is open for all ¢ € R™.

Suppose ¢g € R™ is such that f~!(cp) # 0. As f is also continuous, the two sets

U'=f*c), U =fR"\{co})

are open and disjoint, and further U = U’ U U"”. As U’ is nonempty and U is connected,
then U” = 0. So f(x) = ¢o forall x € U. O
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8.4.2 Continuously differentiable functions

Definition 8.4.5. Let U C R" be open. We say f: U — R is continuously differentiable, or
Cl(U), if f is differentiable and f’: U — L(R", R™) is continuous.

Proposition 8.4.6. Let U C R" be open and f: U — R™. The function f is continuously
differentiable if and only if the partial derivatives % exist for all k and j and are continuous.
)
Without continuity the theorem does not hold. Just because partial derivatives exist
does not mean that f is differentiable, in fact, f may not even be continuous. See the
exercises for the last section and also for this section.

Proof. We proved that if f is differentiable, then the partial derivatives exist. The par-
tial derivatives are the entries of the matrix representing f’(x). If f': U — L(R",R™)
is continuous, then the entries are continuous, and hence the partial derivatives are
continuous.

To prove the opposite direction, suppose the partial derivatives exist and are continuous.
Fix x € U. If we show that f’(x) exists we are done, because the entries of the matrix
representing f’(x) are the partial derivatives and if the entries are continuous functions,
the matrix-valued function f is continuous.

We do induction on dimension. First, the conclusion is true when n = 1 (exercise, note
that f is vector-valued). In this case, f’(x) is essentially the derivative of chapter 4. Suppose
the conclusion is true for R”~1. That is, if we restrict to the first # — 1 variables, the function
is differentiable. When taking the partial derivatives in x; through x,_1, it does not matter
if we consider f or f restricted to the set where x,, is fixed. In the following, by a slight
abuse of notation, we think of R"~! as a subset of R”, that is, the set in R” where x,, = 0. In
other words, we identify the vectors (x1, x2, ..., x,-1) and (x1, x2, ..., x4-1,0).

Fix p € U and let

J dJd Jd J dJ
TQ(P) %(p) a—,ﬁ(;ﬂ) Wfl_l(p) %(P)
A= S, A= : , o vE=| .
dfm dfm dfm ofm 9 fm
Loy ... Zp) Lopy ... A (p) L (p)

Let € > 0 be given. By the induction hypothesis, there is a 6 > 0 such that for every
W' € R with ||I’|| < 8, we have

L+ 1)~ f(p) = AWl __
1

By continuity of the partial derivatives, suppose 6 is small enough so that

d d
e -2 <

for all k and all & € R" with ||| < 6.



8.4. CONTINUITY AND THE DERIVATIVE 49

Suppose h = I’ + te,, is a vector in R”, where h’ € R"7!, t € R, such that ||| < 6. Then
[|F|| < ||kh]| < 6. Note that Ah = A’h’ + to.
If(p+h)=f(p)—Ahll =|lf(p+ 1" +ten) = flp+ B') —to+ f(p+ 1) = f(p) - A'H||
<|f(p+h +tew) = flp+ ) —toll + I f(p+ 1) f(p) - AH|l
<|lf(p+h +tex) = f(p+ 1) —toll + ell1']].

As all the partial derivatives exist, by the mean value theorem, for each k there is some
Or € [0, t] (or [t,0] if t < 0), such that

dfx
oxy

We have ||h’ + Oke, || < ||1]| < 6, and so we can finish the estimate

If(p+h) = f(p) = ARl < ||f(p + B + ten) = f(p + 1) — tol| + e[| ]|

o (L 9 fk , o .\’ ,
< JZ(t&xn(p+h +0en) —t=(p)| + el

k=1
< Vmelt| +€||l||
< (Wm + 1)e||h]. O
A common application is to prove that a certain function is differentiable. For example,

we can show that all polynomials are differentiable, and in fact continuously differentiable,
by computing the partial derivatives.

fi(p+h +tey)— fi(p+h') =t (p + 1 + Oren).

Corollary 8.4.7. A polynomial p: R" — R in several variables

_ Ji,J2 ]
p(xll X2yeeey xn) - Z le/jZ/'-~/jn xl x2 s xnn
0<j1+jot++jn<d

is continuously differentiable.

Proof. Consider the partial derivative of p in the x,, variable. Write p as
d .
p(x) = Z pj(xll cey xi’l—l) x{d/
j=0

where p; are polynomials in one less variable. Then

ap d i1
axn (x) = ; p]‘(xl, ey JCn_l)]X{1 ’

which is again a polynomial. So the partial derivatives of polynomials exist and are
again polynomials. By the continuity of algebraic operations, polynomials are continuous
functions. Therefore p is continuously differentiable. O
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8.4.3 Exercises

Exercise 8.4.1: Define f: R* — R as

(2 +y?)sin((x2+y2)7) if (x,y) #(0,0),
0 if(x,y) :(0/0)-

Show that f is differentiable at the origin, but that it is not continuously differentiable.
Note: Feel free to use what you know about sine and cosine from calculus.

ﬂmw={

Exercise 8.4.2: Let f: R? — R be the function from Exercise 8.3.5, that is,

=2 if(x,y) #(0,0),
= ] Xty
fee) {0 if (x, ) = (0,0).

of f

Compute the partial derivatives = and 3—y at all points and show that these are not continuous functions.

Exercise 8.4.3: Let B(0,1) ¢ R? be the unit ball, that is, the set given by x> + y*> < 1. Suppose
f: B(0,1) — R is a differentiable function such that |f(0,0)| < 1, and |§—§| <land |§—’;| < 1 for all points
in B(0,1).

a) Find an M € R such that ||f'(x, y)|| < M forall (x,y) € B(0,1).

b) Finda B € R such that |f(x,y)| < B forall (x,y) € B(0,1).

Exercise 8.4.4: Define ¢: [0,2n] — R? by ¢(t) = (sin(t), cos(t)). Compute @'(t) for all t. Compute
@’ (t)|| for all t. Notice that ¢’ (t) is never zero, yet p(0) = @(2m), therefore, Rolle’s theorem is not true in
more than one dimension.

Exercise 8.4.5: Let f: R? — R be a function such that 3—£ and % exist at all points and there exists an

M € R such that |%| < M and |%| < M at all points. Show that f is continuous.

Exercise 8.4.6: Let f: R? — R be a function and M € R, such that for every (x,y) € R?, the function
g(t) := f(xt, yt) is differentiable and |g’(t)| < M for all t.

a) Show that f is continuous at (0, 0).

b) Find an example of such an f that is discontinuous at every other point of R2.
Hint: Think back to how we constructed a nowhere continuous function on [0, 1].

Exercise 8.4.7: Suppose r: R" \ X — R is a rational function, that is, p: R" — Rand q: R" — R are

polynomials, q is not identically zero, X = q~1(0), and r = L. Show that r is continuously differentiable.

T
Exercise 8.4.8: Suppose f: R" — R and h: R" — R are two differentiable functions such that f’(x) =
h’(x) for all x € R". Prove that if f(0) = h(0), then f(x) = h(x) for all x € R".

Exercise 8.4.9: Prove the base case in Proposition 8.4.6. That is, prove that if n = 1 and “the partials exist
and are continuous,” then the function is continuously differentiable. Note that f is vector-valued.

Exercise 8.4.10: Suppose that U C R" is open, f: U — R™ is differentiable, there is an M such that
Ilf'(p)Il < M forall p € U, and K C U is a compact set. Prove that there exists an M’ (where M’ > M),
such that for all p, q € K we have || f(p) — f(q)|l < M'||lp — ql|. Compare to Proposition 8.4.2.
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8.5 Inverse and implicit function theorems

Note: 2-3 lectures

Intuitively, if a function is continuously differentiable, then it locally “behaves like” the
derivative (which is a linear function). The idea of the inverse function theorem is that if
a function is continuously differentiable and the derivative is invertible, the function is
(locally) invertible.

Theorem 8.5.1 (Inverse function theorem). Let U C R" be an open set and let f: U — R" be
a continuously differentiable function. Suppose p € U and f'(p) is invertible (that is, [¢(p) # 0).
Then there exist open sets V,W C R" such thatp € V.c U, f(V) = W, and f|v is one-to-one.
Hence a function g: W — V exists such that ¢(y) := (f|v) ™ (y). Furthermore, g is continuously
differentiable and

¢(y) = (f’(x))_l, forallx € V,y = f(x).
See Figure 8.11.

8

Figure 8.11: Setup of the inverse function theorem in R".

To prove the theorem, we use the contraction mapping principle from chapter 7, where
we used it to prove Picard’s theorem. Recall that a mapping f: X — Y between metric
spaces (X,dx) and (Y, dy) is a contraction if there exists a k < 1 such that

dy(f(p), f(9)) < kdx(p,q)  forallp,qeX.

The contraction mapping principle says that if f: X — X is a contraction and X is a
complete metric space, then there exists a unique fixed point, that is, there exists a unique
x € X such that f(x) = x.

Proof. Write A = f’(p). As f’ is continuous, there is an open ball V' centered at p such that

1
1A= f' ()] < =——— forallx € V.
POl 3pa

Consequently, the derivative f’(x) is invertible for all x € V by Proposition 8.2.6.



52 CHAPTER 8. SEVERAL VARIABLES AND PARTIAL DERIVATIVES
Given y € R", define ¢,: V — R" by

Py(x) = 2+ A7y = f(x)).

As A7!is one-to-one, @y(x) = x (x is a fixed point) if only if y — f(x) = 0, or in other words
f(x) = y. Using the chain rule we obtain

Py(x)=1-AT'f'(x) = AT (A - f'(x)).

So for x € V, we have
gy, I < [IATHHIA = £/ (2] < V2.

As V is a ball, it is convex. Hence

1
lpy(x1) — py(x2)l| < §||x1 - x2|| forall x1,x; € V.

In other words, ¢y 1s a contraction defined on V, though we so far do not know what
is the range of ¢,. We cannot yet apply the fixed point theorem, but we can say that
@y has at most one fixed point in V: If ¢,(x1) = x1 and @, (x2) = x2, then ||x1 — x2|| =
lpy(x1) = py(x2)]| < %Hxl — x|, so x1 = xp. That is, there exists at most one x € V such
that f(x) = y, and so f|y is one-to-one.

Let W := f(V) and let g: W — V be the inverse of f|y. We need to show that W is
open. Take a yp € W. There is a unique xg € V such that f(xg) = yo. Let > 0 be small
enough such that the closed ball C(xo,r) C V (such r > 0 exists as V is open).

Suppose vy is such that

)
ly = yoll < ————.
YIS ga

If we show that y € W, then we have shown that W is open. If x; € C(xg, r), then
lpy(x1) = xoll < lly(x1) = @y (x0)ll + [l@y(x0) — xol|
1 _
< §||x1 — xoll + 1A7 (y = yo) |l

1 -
<7+ 1Ay - yol

1
<sr ATz = 1
2[|A7H|

2

So ¢, takes C(xo, ) into B(xo, r) C C(xo, 7). Itis a contraction on C(xo,7) and C(xo, r) is
complete (closed subset of R" is complete). Apply the contraction mapping principle to
obtain a fixed point x, i.e. p,(x) = x. Thatis, f(x) = y,and y € f(C(xo,7)) C f(V) =W.
Therefore, W is open.

Next we need to show that g is continuously differentiable and compute its derivative.
First, let us show that it is differentiable. Let y € W and k € R", k # 0, such that y + k € W.
Because f|v is a one-to-one and onto mapping of V onto W, there are unique x € V and
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Figure 8.12: Proving that g is differentiable.

heR", h+#0and x +h € V, such that f(x) = y and f(x + h) = y + k. In other words,
g(y) =xand g(y + k) = x + h. See Figure 8.12.
We can still squeeze some information from the fact that ¢, is a contraction.

Qy(x +h) —@y(x) =h+ A7 (f(x) - f(x + h)) =h - A"k

So
- 1 h

By the inverse triangle inequality, ||| — [|A~tk|| < %thl. So
17|l < 2)A7 K| < 2| A7 IKI.

In particular, as k goes to 0, so does h.

As x € V, then f'(x) is invertible. Let B == (f ’(x))_l, which is what we think the
derivative of ¢ at y is. Then

lg(y + k) —g(y) — Bkll _ ||h — Bk||
1K1l Ikl
Ih = B(f(x + ) = f()]
1Kl
_IB{f(x+ 1) = f(x) = f()h)]]
B 1]
170l 11f (x + 1) = f(x) = f(0)h]]
1] Il
1f(x + 1) = f(x) = f/()h]|
idl '
As k goes to 0, so does h. So the right-hand side goes to 0 as f is differentiable, and hence
the left-hand side also goes to 0. And B is precisely what we wanted g’(y) to be.

We have ¢ is differentiable, let us show it is C}(W). The function g: W — V is
continuous (it is differentiable), f’ is a continuous function from V to L(R"), and X + X!

< Bl

< 2|IBl A7

is a continuous function on the set of invertible operators. As ¢’(y) = (f’(g(y))) " is the
composition of these three continuous functions, it is continuous. O
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Corollary 8.5.2. Suppose U C R" is open and f: U — R" is a continuously differentiable
mapping such that f'(x) is invertible for all x € U. Then for every open set V. C U, the set f(V)
is open (f is said to be an open mapping).

Proof. Without loss of generality, suppose U = V. For each y € f(V), pick x € f~(y)
(there could be more than one such point), then by the inverse function theorem there is a
neighborhood of x in V that maps onto a neighborhood of y. Hence f(V) is open. O

Example 8.5.3: The theorem, and the corollary, is not true if f’(x) is not invertible for
some x. For example, the map f(x, y) := (x, xy), maps R? onto the set R?\ {(0,y) : y # 0},
which is neither open nor closed. In fact, f71(0,0) = {(0,y) : y € R}. This bad behavior
only occurs on the y-axis, everywhere else the function is locally invertible. If we avoid the
y-axis, f is even one-to-one.

Example 8.5.4: Just because f’(x) is invertible everywhere does not mean that f is one-to-
one. It is “locally” one-to-one, but perhaps not “globally.” Consider f: R?\ {(0,0)} —
R2\ {(O, 0)} defined by f(x, y) := (x2—y?, 2xy). Itis left to the reader to verify the following
statements. The map f is differentiable and the derivative is invertible. On the other hand,
f is 2-to-1 globally: For every (a, b) that is not the origin, there are exactly two solutions to
x? —y? = a and 2xy = b (f is also onto). Notice that once you show that there is at least
one solution, replacing x and y with —x and —y we obtain another solution.

The invertibility of the derivative is not a necessary condition, just sufficient, for having
a continuous inverse and for being an open mapping. For example, the function f(x) := x>
is an open mapping from R to R and is globally one-to-one with a continuous inverse,
although the inverse is not differentiable at x = 0.

As a side note, there is a related famous, and as yet unsolved, problem called the
Jacobian conjecture. If F: R" — R" is polynomial (each component is a polynomial) and
Jr (the Jacobian determinant) is a nonzero constant, does F have a polynomial inverse?
The inverse function theorem gives a local C! inverse, but can one always find a global
polynomial inverse is the question.

8.5.1 Implicit function theorem

The inverse function theorem is a special case of the implicit function theorem, which we
prove next. Although somewhat ironically we prove the implicit function theorem using
the inverse function theorem. In the inverse function theorem we showed that the equation
x — f(y) = 0 is solvable for y in terms of x if the derivative with respect to y is invertible,
that is, if f’(y) is invertible. Then there is (locally) a function g such that x — f(g(x)) = 0.
In general, the equation f(x, y) = 0 is not solvable for y in terms of x in every case. For
instance, there is generally no solution when f(x, y) does not actually depend on y. For a
more interesting example, notice that x? + y? — 1 = 0 defines the unit circle, and we can
locally solve for y in terms of x when 1) we are near a point on the unit circle and 2) we are

not at a point where the circle has a vertical tangency, that is, where 3—]; =0.
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We fix some notation. Let (x, y) € R"*" denote the coordinates (x1, ..., Xu, Y1, .., Ym)-
We can then writealinearmap A € L(R"*",R™)as A = [Ay Ay]sothat A(x, y) = Axx+Ayy,
where A, € L(R",R™) and A, € L(R™). First, the linear version of the theorem.

Proposition 8.5.5. Let A = [A; Ay] € L(R"™™,R™) and suppose Ay is invertible. If B =
~(Ay) Ay, then
0=A(x,Bx) = Ayx + AyBx.

Furthermore, y = Bx is the unique y € R™ such that A(x,y) = 0.

The proof is immediate: We solve and obtain y = Bx. Another way to solve is to
“complete the basis,” that is, add rows to the matrix until we have an invertible matrix: The
operator in L(R"*™) given by (x, y) = (x, Axx + A,y) is invertible, and the map B can be
read off from the inverse. Let us show that the same can be done for C! functions.

Theorem 8.5.6 (Implicit function theorem). Let U C R"*™ be an open set and let f: U — R™
be a CY(U) mapping. Let (p, q) € U be a point such that f(p, q) = 0 and such that

Ifi, .-, fm)

,q) #0.
A ym P D

Then there exists an open set W C R" with p € W, an open set W' C R™ with g € W', where
WxXW’' cU,anda C' (W) map g: W — W', with ¢(p) = q, and for all x € W, the point g(x)
is the unique point in W’ such that

f(x,8(x)) =0.
Furthermore, if A = [Ax Ayl = f'(p, q), then

g'(p) = —(A,)) ' Ax.

The condition %(p, q) = det(A,) # 0 simply means that A, is invertible. If

n = m =1, the condition is g—J;(p, g) #0,and W and W’ are open intervals. See Figure 8.13.

yA

(. 9)

E\WXW’

Figure 8.13: Implicit function theorem for f(x,y) = x> + y?> — 1in U = R? and (p, q) in the first
quadrant.




56 CHAPTER 8. SEVERAL VARIABLES AND PARTIAL DERIVATIVES

Proof. Define F: U — R"*" by F(x, y) = (x, f(x, y)). Itis clear that F is C!, and we want
to show that its derivative at (p, g) is invertible. Let us compute the derivative. The quotient

If(p+h,qg+k) = fp,q) = Ach = Aykll
(2, Kl

goes to zero as ||(h, k)|| = v/||1||> + || k||> goes to zero. But then so does

IF(p + h,q+k)—F(p,q) — (h, Axh + A k)|l

I, )]
(7, f(p + 1, g +K) = f(p, q)) = (h, Axh + AyR)|
- Ik, 0
CNfp+hg+k) - fp,q) - Ach— Ayk]|
- (7, K] '

So the derivative of F at (p, q) takes (h, k) to (h, Axh + Ayk). In block matrix form, it is
[Alx Xy ] If (h, Axh + Ayk) = (0,0), then h = 0, and so Ay k = 0. As A, is one-to-one, k = 0.
Thus F’(p, q) is one-to-one, and hence invertible. We apply the inverse function theorem.

That is, there exists an open set V c R"*" with F(p, q) = (p,0) € V, and a C! mapping
G: V — R"" such that F(G(x, s)) = (x,s) forall (x,s) € V, G is one-to-one, and G(V) is
open. Write G = (G1, G2) (the first n and the next m components of G). Then

F(Gi(x,s), Ga(x,s)) = (Gl(x, s), f(Gi(x, s), Ga(x, s))) = (x,s).
So x = Gi(x,s) and f(Gi(x,s), Ga(x,s)) = f(x, Ga(x,s)) = s. Plugging in s = 0, we obtain
f(x,Ga(x,0)) =0

As the set G(V) is open and (p, q) € G(V), there exist some open sets W and W’ such that
W x W’ c G(V) withp € W and g€ W'. Take W = {x e W :Gy(x,0) € W’} The function
that takes x to Ga(x, 0) is continuous and therefore W is open. Define g: W — R" by
g(x) = Ga(x,0), which is the g in the theorem. The fact that g(x) is the unique point in W’
follows because W x W’ c G(V) and G is one-to-one.

Next, differentiate

x = f(x,g(x))

at p, which is the zero map, so its derivative is zero. Using the chain rule,

0=A(h,g'(p)h) = Axh+ A ¢ (p)h

for all h € R"”, and we obtain the desired derivative for g. |
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In other words, in the context of the theorem, we have m equations in n + m unknowns:

fl(xlr---/xn/ylr---/ym):0/
fZ(xlz---/xn/]/lr---/]/m):0/

fm(xll"'lxnlyll---/ym):0.

The theorem guarantees a solution if f = (f1, f2,. .., fm) is a C! map (the components are
C!: partial derivatives in all variables exist and are continuous) and the matrix

2 If ]
a]/l ‘9]/2 T a]/m
o of of2
3y1 <9y2 T 8ym
) 2

[ dy1 dya T Fym ]

is invertible at (p, q).

Example 8.5.7: Consider the set given by x% + y? — (z + 1)° = —Tand e* + e¥ + % = 3 near
the point (0, 0, 0). It is the zero set of the mapping

flx,y,z)= (x2 +y2—(z +1)3 +1,e* +e¥ +e* —3),
whose derivative is

2x 2y -3(z+1)°
e’ eY e?

-1 7

is invertible. Hence near (0, 0, 0), we can solve for y and z as C ! functions of x such that for
x near 0,

7=
The matrix

[2(0) —3(0 + 1)
e? e?

2 + y(x)2 _ (z(x) + 1)3 =1, e 4 oV 4 oz Z 3

In other words, near the origin the set of solutions is a smooth curve in R? that goes
through the origin. The theorem does not tell us how to find y(x) and z(x) explicitly, it just
tells us they exist.

An interesting, and sometimes useful, observation from the proof is that we solved the
equation f(x, g(x)) = s for all s in some neighborhood of 0, not just s = 0.

Remark 8.5.8. There are versions of the theorem for arbitrarily many derivatives: If f has k
continuous derivatives (see the next section), then the solution has k continuous derivatives
as well.
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8.5.2 Exercises

Exercise 8.5.1: Let C == {(x,y) € R?: x? + y? = 1}.

a) Solve for y in terms of x near (0, 1) (that is, find the function g from the implicit function theorem for a
neighborhood of the point (p, q) = (0, 1)).

b) Solve for y in terms of x near (0, —1).
c) Solve for x in terms of y near (—1,0).

Exercise 8.5.2: Define f: R* — R2 by f(x,y) = (x,y + h(x)) for some continuously differentiable
function h of one variable.

a) Show that f is one-to-one and onto.

b) Compute f’. (Make sure to argue why f’ exists.)

c) Show that f’ is invertible at all points, and compute its inverse.
Exercise 8.5.3: Define f: R* — R?\ {(0,0)} by f(x,y) := (e* cos(y), e* sin(y)).
a) Show that f is onto.

b) Show that f’ is invertible at all points.

c) Show that f is not one-to-one, in fact for every (a,b) € R?\ {(0, O)}, there exist infinitely many different
points (x,y) € R? such that f(x,y) = (a, b).
Therefore, invertible derivative at every point does not mean that f is invertible globally.
Note: Feel free to use what you know about sine and cosine from calculus.

Exercise 8.5.4: Find amap f: R" — R" that is one-to-one, onto, continuously differentiable, but f’(0) = 0.
Hint: Generalize f(x) = x> from one to n dimensions.

Exercise 8.5.5: Consider z> + xz + y = 0 in R3. Find an equation D(x,y) = 0, such that if D(xo, yo) # 0
and z% + xoz + Yo = 0 for some z € R, then for points near (xg, yo) there exist exactly two distinct
continuously differentiable functions r1(x, y) and ro(x,y) such that z = ri(x,y) and z = r2(x, y) solve
22 + xz + y = 0. Do you recognize the expression D from algebra?

Exercise 8.5.6: Suppose f: (a,b) — R? is continuously differentiable and the first component (the x
component) of V f(t) is not equal to O for all t € (a,b). Prove that there exists an open interval I C R and a
continuously differentiable function g: I — R such that (x,y) € f((a, b)) ifand only if x € L and y = g(x).
In other words, the set f((a, b)) is a graph of g.

Exercise 8.5.7: Define f: R?> — R2

fry) = {(x2 sin(/s) +3/2,y) i x %0,
©,y) ifx=0.
a) Show that f is differentiable everywhere.
b) Show that f'(0,0) is invertible.

c) Show that f is not one-to-one in every neighborhood of the origin (it is not locally invertible, that is, the
inverse function theorem does not work).

d) Show that f is not continuously differentiable.

Note: Feel free to use what you know about sine and cosine from calculus.
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Exercise 8.5.8 (Polar coordinates): Define a mapping F(r, 0) := (r cos(0), r sin(0)).

a) Show that F is continuously differentiable (for all (r, 0) € R?).

b) Compute F’(0, O) for all O.

c) Show that if r # 0, then F'(r, 0) is invertible, therefore an inverse of F exists locally as long as r # 0.
d) Show that F: R?> — R? is onto, and for each point (x, y) € R?, the set F~1(x, y) is infinite.

e) Show that F: R> — R? is not an open mapping. Note that F|(g.)xr iS an open mapping via
Corollary 8.5.2. Hint: Where does a small open rectangle such as (—€, €) X (—€, €) go?

f) Show that F| (o c)x[0,2r) is one-to-one and onto R\ {(0,0)}.

Note: Feel free to use what you know about sine and cosine from calculus.
Exercise 8.5.9: Let H = {(x, y) € R?:y >0}, and for (x,y) € H define

x2+y2—1 —2x

F(x,vy) = , .
(. y) 242y +yr+1° x2+2y+y?+1

Prove that F is a bijective mapping from H to B(0, 1), it is continuously differentiable on H, and its inverse is
also continuously differentiable.

Exercise 8.5.10: Suppose U C R? is open and f: U — R isa C' function such that V f(x,y) # 0 for all
(x,y) € U. Show that every level set is a C! smooth curve. That is, for every (x,y) € U, there exists a C'
function y: (—=6,08) — R? with y’(0) # 0 such that f(y(t)) is constant for all t € (=9, ).

Exercise 8.5.11: Suppose U C R? is open and f: U — R isa C! function such that V f(x,y) # 0 for all
(x,y) € U. Show that for every (x, y) there exists a neighborhood V of (x, y) an open set W C R2, a bijective
C! function with a C' inverse g: W — V such that the level sets of f o g are horizontal lines in W, that is,
the set given by (f o g)(s, t) = ¢ for a constant c is a set of the form {(s, ty) € R* : s € R, (s, o) € W},
where tg is fixed. That is, the level curves can be locally “straightened.”
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8.6 Higher order derivatives

Note: less than 1 lecture, optional, see also the optional §4.3 of volume 1

Let U c R" be an open set and f: U — R a function. Denote our coordinates by
of

x =(x1,x2,...,%,) € R". Suppose == exists everywhere in U, then it is also a function
pp o y
% : U — R. Therefore, it makes sense to talk about its partial derivatives. We denote the

partial derivative of % with respect to x,, by

2r o)
0xmox;  dxy

Rf
2

We define higher order derivatives inductively. Suppose {1, ¢, ..., i are integers
between 1 and 7, and suppose

If m = ¢, then we write — for simplicity.

8k_1f
ank%&JCgkfz cee (?X[l

exists and is differentiable in the variable x , then the partial derivative with respect to
that variable is denoted by

ak—lf
akf L a(axfk—lax"k—z"'axl’l )
aJCgkaxgk_l tet ax€1 (9ng '

Such a derivative is called a partial derivative of order k.
Pf

Sometimes the notation fyx, is used for 5==—. This notation swaps the order in which
we write the derivatives, which may be important.

Definition 8.6.1. Suppose U C R" is an open set and f: U — R is a function. We say f is
k-times continuously differentiable function, or a C* function, if all partial derivatives of all
orders up to and including order k exist and are continuous.

So a continuously differentiable, or C 1 function is one where all first order partial
derivatives exist and are continuous, which agrees with our previous definition due to
Proposition 8.4.6. We could have required only that the kth order partial derivatives exist
and are continuous, as the existence of lower order partial derivatives is clearly necessary
to even define kth order partial derivatives, and these lower order partial derivatives are
continuous as they are (continuously) differentiable functions.

When the partial derivatives are continuous, we can swap their order.

Proposition 8.6.2. Suppose U C R" is open and f: U — R is a C? function, and € and m are
two integers from 1 to n. Then
*f *f

0Xm0x;  0xp0Xy




8.6. HIGHER ORDER DERIVATIVES 61

Proof. Fix a p € U, and let ¢; and e;, be the standard basis vectors. Pick two positive
numbers s and ¢t small enough so that p + spe; + toe,, € U whenever 0 < 59 < s and
0 < tg < t. This can be done as U is open and so contains a small open ball (or a box if you
wish) around p.

Use the mean value theorem on the function

T f(p+se+tem)— f(x +1Tem),
on the interval [0, {] to find a tg € (0, t) such that

f(p+ses+tem)— f(p+tewm)— f(p +ser)+ f(p) _ af
t X

Similarly, there exists a number s¢ € (0, s) such that

d
(p +seq + toem) — %(p + toem).

%(P +seq + toem) — i—fm(r? +toem)  92f
S - 8xg8xm

(p + soer + toem).

In other words,

_ flp+seq+ten)—f(p+ten)—flp+se)+f(p)  Pf

s, t) = = + Sspep + toen).
g( ) St 8x€axm(r) o€y 0 m)
€m p + soep + toen
p+temt g """ +p +sep+tey
p +toeyt ’ p +seq + toey
p p +seg

Figure 8.14: Using the mean value theorem to estimate a second order partial derivative by a
certain difference quotient.

See Figure 8.14. The sp and tp depend on s and ¢, but 0 < sp < s and 0 < fp < t. Let the
domain of the function g be the set (0, €)X (0, €) for some smalle > 0. As (s, t) € (0, €)X (0, €)
goes to (0,0), (so, fo) also goes to (0, 0). By continuity of the second partial derivatives,

2

li ,t) =
(s,f)l—I}(lO,O)g(S ) dxp0x

(p)-

Now reverse the roles of s and ¢ (and ¢ and m). Start with the function 0 — f(p + ge; +
tem) — f(p + oep) find an sq € (0, s) such that

f(p+ser+teyn)— f(p+se)—f(p+tem)+ f(p) _ af

0
. I (p +s1eq +tey) — —f(p + s1€0).

an
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Find a t; € (0, t) such that

5_3{[(}7 +s1eg + tey) — 5—,2(}9 + s1€¢) ~ aZf
t  Oxy0x

e(p + s1ep + f1ey).

So g(s,t) = %(p + s1e¢ + t1e,) for the same g as above. As before,

2
li s, t)= .
(s,t)l—r>r(10,0) gls/t) 0x,0x¢ ()
Therefore, the two partial derivatives are equal. m|

The proposition does not hold if the derivatives are not continuous. See Exercise 8.6.2.
Notice also that we did not really need a C2 function, we only needed the two second order
partial derivatives involved to be continuous functions.

8.6.1 Exercises

Exercise 8.6.1: Suppose f: U — R isa C? function for some open U C R" and p € U. Use the proof of
Proposition 8.6.2 to find an expression in terms of just the values of f (analogue of the difference quotient for

2
the first derivative), whose limit is ax(jTJ;(p).

Exercise 8.6.2: Define

flx,y) = {xygi;zyz) if (x,y) # (0,0),

0 if (x, ) = (0,0).
Show that
a) The first order partial derivatives exist and are continuous.
b) The partial derivatives % and % exist, but are not continuous at (0, 0), and %(0, 0) # ;25 (0,0).
y yox xdy yox

Exercise 8.6.3: Let f: U — R be a C* function for some open U c R" and p € U. Suppose &1, 8, . .., b
are integers between 1 and n, and ¢ = (01, 02, ..., 0k) is a permutation of (1,2, ..., k). Prove

of of

QngQng_l s aX(l Qx%k anak_l tee angI

(p) = (p)-

Exercise 8.6.4: Suppose ¢: R?> — R is a C* function such that ¢(0,0) = (0, ) forall 0,1 € R and
@(r,0) = @(r,0+2n) forallr,0 € R. Let F(r, 0) = (r cos(0), r sin(0)) from Exercise 8.5.8. Show that
a function g: R? — R, given g(x,y) = @ (F~'(x,y)) is well-defined (notice that F~'(x, y) can only be
defined locally), and when restricted to R? \ {0} it is a C¥ function.

Note: Feel free to use what you know about sine and cosine from calculus.

Exercise 8.6.5: Suppose f: R* — R is a C? function. For all (x,vy) € R?, compute
i JE LY+ -ty + flay+ D+ flry —t) - 4f(x, y)

t—0 t2

in terms of the partial derivatives of f.
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Exercise 8.6.6: Suppose f: R* — R is a function such that all first and second order partial derivatives
exist. Furthermore, suppose that all second order partial derivatives are bounded functions. Prove that f is
continuously differentiable.

Exercise 8.6.7: Follow the strategy below to prove the following simple version of the second derivative test
for functions defined on R? (using (x, y) as coordinates): Suppose f: R? — R is a twice continuously
differentiable function with a critical point at the origin, f’(0,0) = 0. If

I*f
dxdy

9? 0? 9?
W(O’ 0) >0 and w(o, 0)—f(0, 0) - (

2
3 o, 0)) >0,

then f has a (strict) local minimum at (0, 0). Use the following technique: First suppose without loss of
generality that £(0,0) = 0. Then prove:

; 2 _ ; P’g _ P’g _ g _
a) There existsan A € L(R®) such that § = f o A is such that M(O, 0) =0, and W(O’ 0) = a_yZ(O’ 0)=1.

b) For every € > 0, there exists a 6 > 0 such that |g(x,y) - x% - y2| < e(x? +y?) for all (x,y) €
B((0,0), 6).
Hint: You can use Taylor’s theorem in one variable.

c) This means that g, and therefore f, has a strict local minimum at (0, 0).

Note: You must avoid the temptation to just apply the one variable second derivative test along lines through
the origin, see Exercise 8.3.11.
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CHAPTER 8. SEVERAL VARIABLES AND PARTIAL DERIVATIVES



Chapter 9

One-dimensional Integrals in Several
Variables

9.1 Differentiation under the integral

Note: less than 1 lecture

Let f(x, y) be a function of two variables and define

b
() = / f(x, y)dx.

If f is continuous on the compact rectangle [a, b] X [c, d], then Proposition 7.5.12 from
volume I says that g is continuous on [c, d].

Suppose f is differentiable in y. When can we “differentiate under the integral”? That
is, when is it true that g is differentiable and its derivative is

» b o
¢y L / %(x,wdx.

Differentiation is a limit and therefore we are really asking when do the two limiting
operations of integration and differentiation commute. This is not always possible and
some extra hypothesis is necessary. The first question we would face is the integrability of

z—f, but the formula above can fail even if g—Jy( is integrable as a function of x for every fixed y.
We prove a simple, but perhaps the most useful version of this kind of result.

Theorem 9.1.1 (Leibniz integral rule). Suppose f: [a,b] X [c,d] — R is a continuous function,
such that % exists for all (x,y) € [a,b] X [c, d] and is continuous. Define g: [c,d] — R by

b
5(y) = / f(x, ) dx.

Then g is continuously differentiable and

b9
¢(y) = / %(x,y)dx-
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The hypotheses on f and % can be weakened, see e.g. Exercise 9.1.8, but not dropped

outright. The main point in the proof requires that % exists and is continuous for all x up

to the endpoints, but we only need a small interval in the y direction. In applications, we
often make [c, d] a small interval around the point where we need to differentiate.

Proof. Fix y € [c,d] and let € > 0 be given. As % is continuous on [a,b] X [c, d] it is
uniformly continuous. In particular, there exists 6 > 0 such that whenever y; € [c, d] with
ly1 —y| < 0 and all x € [a, b], we have

0 )
%(x,yl) - %(x,y) <e€.

Suppose h is such that y + h € [c,d] and || < 6. Fix x for a moment and apply the
mean value theorem to find a y; between y and y + & such that

Jy+h) - fxy) 9
flx y+2 flx y)zé(x,yl).

As |y —y| < |h| < 6,

Y+~ fly) 0 7 7
flx,y+ 2 flx y)_%x,y)‘Z'é(X,yl)—é(x,y) <e.

The argument worked for every x € [a, b] (different y; may have been used). Thus, as a
function of x

flx,y+h)—f(x,y)
X = h

d
converges uniformly to X E(x, v) ash — 0.

We defined uniform convergence for sequences although the idea is the same. You
may replace 1 with a sequence of nonzero numbers {%,}’_, converging to 0 such that
y+h, €lc,d]and let n — oo.

Consider the difference quotient of g,

g+ —gly) i fley+hdx= [ fx,y)dx _/bf<x,y+h)—f<x,y> ix
7 - 7 -/ 7 '

Uniform convergence implies the limit can be taken underneath the integral. So

lim g +h) - gly) = /b lim fry+h)-fxy) dx = /b af(x, y)dx.

7—0 h 7—0 h ~J. o9y

Then g’ is continuous on [c, d] by Proposition 7.5.12 from volume I mentioned above. O
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Example 9.1.2: Let
1
fly) = / sin(x* — y?) dx.
0
Then .
fy) = / ~2y cos(x* — y?) dx.
0

1
x—1

dx.
/0 In(x)

The function under the integral extends to be continuous on [0, 1], and hence the integral
exists, see Exercise 9.1.1. Trouble is finding it. We introduce a parameter y and define a

function: .
x¥ -1
= dx.
5(v) /0 o
x¥-1

The function o also extends to a continuous function of x and y for (x, y) € [0, 1] x [0, 1]

(also part of the exercise). See Figure 9.1.

Example 9.1.3: Consider

Figure 9.1: The graph z = ﬁ(;% on [0,1] x[0,1].

Hence, g is a continuous function on [0,1] and g(0) = 0. For every € > 0, the y
derivative of the integrand, xY, is continuous on [0, 1] X [€, 1]. Therefore, for y > 0, we may
differentiate under the integral sign,

Y nx)xy ! 1
’ = = y = —
8'(y) /O In(x) dx /0 ¥ dx ST

We need to figure out g(1) given that g’(y) = ﬁ and g(0) = 0. Elementary calculus says
that g(1) = /01 g’'(y)dy = In(2). Thus,

Tx-1
A o) dx = In(2).
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9.1.1 Exercises

Exercise 9.1.1: Prove the two statements that were asserted in Example 9.1.3:
x=1
In(x)
that equals ‘xl) on (0,1).

x
In(

a) Prove extends to a continuous function of [0, 1]. That is, there exists a continuous function on [0, 1]

b) Prove fi(; extends to a continuous function on [0, 1] X [0, 1].

Exercise 9.1.2: Suppose h: R — R is continuous and g: R — R is continuously differentiable and
compactly supported. That is, there exists some M > 0, such that g(x) = 0 whenever |x| > M. Define

fx) = / h(y)g(x - ) dy.

(ee]

Show that f is differentiable.

Exercise 9.1.3: Suppose f: R — R is infinitely differentiable (derivatives of all orders exist) and f(0) = 0.
Show that there exists an infinitely differentiable function g: R — R such that f(x) = x g(x). Show also
that if f'(0) # 0, then g(0) # 0.

Hint: Write f(x) = fox f'(s) ds and then rewrite the integral to go from 0 to 1.

Exercise 9.1.4: Compute /01 e'* dx. Derive the formula for /01 x"e* dx not using integration by parts, but
by differentiation underneath the integral.

Exercise 9.1.5: Let U C R" be open and suppose f(x,Y1,Y2, ..., Yn) is a continuous function defined on

[0,1]xU c R"*1, Suppose 5—f, ;—f, e, ;—f exist and are continuous on [0, 1] x U. Prove that F: U — R
n Y2 Yn

defined by

1
F(y1,v2,---,Yn) :=/O fx,y1,y2,...,yn)dx

is continuously differentiable.

. . _ Xy3
Figure 9.2: The graph z = T
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Exercise 9.1.6: Work out the following counterexample: Let

xy? .
Flay) = |y FXEOOTYED,
0 ifx=0andy =0.

See Figure 9.2.
a) Prove that for every fixed y, the function x — f(x, y) is Riemann integrable on [0, 1], and

1
y
g(y) = /0 f(x,y)dx = PERTY

Therefore, §'(y) exists and its derivative is the continuous function

¢y = / f(x, y)dx——)

b) Prove g—ch exists at all x and y and compute it.

1af
/0 @(x,y)dx

19
g’(0)¢/0 %(x,O)dx.

c) Show that for all y

exists, but

Exercise 9.1.7: Work out the following counterexample: Let

flx,y) = {x Si“(ﬁyz) if (x,y) # (0,0),
0 if (x,y) = (0,0).

a) Prove f is continuous on all of R2. Therefore the following function is well-defined for every y € R:

1
() = /0 f(x, y)dx.

b) Prove g—J; exists for all (x,y), but is not continuous at (0, 0).

c) Show that /01 g—/;(x,O) dx does not exist even if we take improper integrals, that is, that the limit
. 19f .
hli)n(r]\+ fh e (x,0) dx does not exist.

Note: Feel free to use what you know about sine and cosine from calculus.
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Exercise 9.1.8: Strengthen the Leibniz integral rule in the following way. Suppose f: (a,b) X (c,d) = R

of

is a bounded continuous function, such that 50
y

bounded. Define g: (c,d) — R by

exists for all (x,y) € (a,b) X (c, d) and is continuous and

b
s) = / f(x, y)dx.

Then g is continuously differentiable and

b
¢y = / %(x,wdx.

Hint: See also Exercise 7.5.18 and Theorem 6.2.10 from volume I.

Exercise 9.1.9: Suppose ¢: R — R is continuously differentiable, h: R?> — R is continuous, % exists and

is continuous at all points. Show that

Y
F(x,y) = g(x) +/0 h(x,s)ds

is continuously differentiable, and that it is the solution of the partial differential equation 3—5 = h, with the

initial condition F(x,0) = g(x) for all x € R.



9.2. PATH INTEGRALS 71

9.2 Path integrals

Note: 2-3 lectures

9.2.1 Piecewise smooth paths

Let y: [a,b] — R" be a function and write y = (1, )2, ..., Yn). Suppose y is continuously
differentiable, meaning it is differentiable and the derivative is continuous. In other words,
there exists a continuous function y’: [a, b] — R” such that for every t € [a, b], we have
}llim IIy(f+h)—V(t|)—7/’(t)h||
—0
a vector, y'(t) = (yl’(t), Vy(t), ..., yi(t)). Equivalently, yj is a continuously differentiable
function on [a, b] for every j = 1,2,...,n. By Exercise 8.2.6, the operator norm of the
operator ) ’(t) equals the euclidean norm of the corresponding vector, which allows us to

write ||y ’(t)|| without any confusion.

= 0. We treat y’(t) either as a linear operator (an n X 1 matrix) or

Definition 9.2.1. A continuously differentiable function y: [a,b] — R" is called a smooth
path or a continuously differentiable path* if y is continuously differentiable and y ’(t) # 0 for
allt € [a,b].

The function y: [a,b] — R" is called a piecewise smooth path or a piecewise continuously
differentiable path if there exist finitely many points to = a < t; <t < --- < t; = b such that
the restriction |, , 1] is smooth path forevery j =1,2,..., k.

A path y is a closed path if y(a) = y(b), that is, the path starts and ends in the same point.
A path y is a simple path if either 1) y is a one-to-one function, or 2) y|(, p) is one-to-one and
y(a) = y(b) (y is a simple closed path).

Example 9.2.2: Let y: [0,4] — R? be defined by

(t,0) ift €[0,1],

*) (1,t-1) ifte(1,2],
W16 -t1) ifte@3),
]

(0,4—t) ift e (3,4].

The path y is the unit square traversed counterclockwise. See Figure 9.3. Itis a piecewise
smooth path. For example, y|[12)(t) = (1, — 1) and so (y|1,2))'(t) = (0,1) # 0. Similarly
for the other 3 sides. Notice that ()|[1,2])'(1) = (0, 1), (¥lj0,17)’'(1) = (1,0), but y ’(1) does not
exist. At the corners y is not differentiable. The path y is a simple closed path, as y|[o4) is
one-to-one and y(0) = y(4).

The definition of a piecewise smooth path as we have given it implies continuity
(exercise). For general functions, many authors also allow finitely many discontinuities,
when they use the term piecewise smooth, and so one may say that we defined a piecewise

*The word “smooth” can sometimes mean “infinitely differentiable” in the literature.
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Figure 9.3: The path y traversing the unit square.

smooth path to be a continuous piecewise smooth function. While one may get by with smooth
paths, for computations, the simplest paths to write down are often piecewise smooth.

Generally, we are interested in the direct image y ([a, b]), rather than the specific
parametrization, although that is also important to some degree. When we informally talk
about a path or a curve, we often mean the set y([4, b]), depending on context.

Example 9.2.3: The condition y’(t) # 0 means that the image y ([4, b]) has no “corners”
where y is smooth. Consider

0) = (t2,0) ift <0,
W 0,62) it >0,

See Figure 9.4. It is left for the reader to check that y is continuously differentiable, yet the
image y(R) = {(x, y) € R?: (x,y) = (5,0) or (x,y) = (0, s) for some s > 0} has a “corner”
at the origin. And that is because y’(0) = (0,0). More complicated examples with, say,
infinitely many corners exist, see the exercises.

t=-1)

t=0 t:1/2 t=1

Figure 9.4: “Smooth” path with a corner if we allow zero derivative. The points corresponding
to several values of ¢ are marked with dots.

The condition y ’(t) # 0 even at the endpoints guarantees not only no corners, but also
that the path ends nicely, that is, it can extend a little bit past the endpoints. Again, see the
exercises.
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Example 9.2.4: A graph of a continuously differentiable function f: [4,b] — R is a smooth
path. Define y: [a,b] — R? by
y(t) = (t, f(1).

Then y'(t) = (1, f’(t)), which is never zero, and y([a, b]) is the graph of f.

There are other ways of parametrizing the path. That is, there are different paths with
the same image. The function t — (1 — t)a + tb, takes the interval [0, 1] to [, b]. Define
a:[0,1] —» R? by

a(t) = (1 —t)a+tb, f((1 - t)a + tb)).

Then &'(t) = (b —a, (b —a)f’((1 — t)a + tb)), which is never zero. As sets, «([0,1]) =
y(la,b]) = {(x,y) € R? : x € [a,b] and f(x) = y}, which is just the graph of f.

The last example leads us to a definition.

Definition 9.2.5. Let y: [a,b] — R" be a smooth pathand /: [c,d] — [a, b] a continuously
differentiable bijective function such that /’(t) # 0 for all t € [c, d]. Then the composition
y o h is called a smooth reparametrization of y.

Let y be a piecewise smooth path, and I a piecewise smooth bijective function
with nonzero one-sided limits of #’. The composition y o h is called a piecewise smooth
reparametrization of y.

If h is strictly increasing, then h is said to preserve orientation. If h does not preserve
orientation, then & is said to reverse orientation.

A reparametrization is another path for the same set. That is, (y o I)([c, d]) = y([a, b]).

The conditions on the piecewise smooth & mean that there is some partition fp = ¢ <
t1 <ty <--- <ty =d, suchthat hly , +)is continuously differentiable and (%], , ¢1)'(f) # 0
forall t € [tj_1,¢t;]. Since h is bijective, it is either strictly increasing or strictly decreasing.
So either (hl;, 1)) (t) > 0 for all t or (k| , ¢))'(t) < 0 for all £.

Proposition 9.2.6. If y: [a,b] — R" is a piecewise smooth path, and y o h: [c,d] — R" isa
piecewise smooth reparametrization, then y o h is a piecewise smooth path.

Proof. Assume that h preserves orientation, that is, / is strictly increasing. If h: [c,d] —
[a,b] gives a piecewise smooth reparametrization, then for some partition rg = ¢ < rq <
ry < -+ < rg = d, the restriction hl,, , , is continuously differentiable with a positive
derivative.

Letto =a < t; <ty <--- < tr = b be the partition from the definition of piecewise
smooth for y together with the points {h(ro), h(r1), h(r2),..., h(r¢)}. Lets; = h‘l(tj).
Then sy = ¢ < 51 <52 < -+ < s = d is a partition that includes (is a refinement of) the
{ro,r1,...,1r¢}. If T € [S]'_1,S]'], then h(7) € [t]'_l,i’j] since h(S]'_l) = tj-1, h(S]) = tj, and
h is strictly increasing. Also hl[sj—l,sj] is continuously differentiable, and V|[tj_1,tj] is also
continuously differentiable. Then

(7 © Mis;1,51(0) = VIt (Blis; 51 (0)-
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The function (y o h)|[5]’-1,5]‘] is therefore continuously differentiable and by the chain rule

(7 o Msi,s1) (O = (Vi) (D) (Bls,y,57) () # 0.

Consequently, y o h is a piecewise smooth path. The proof for orientation reversing h is
left as an exercise. O

If two paths are simple and their images are the same, it is left as an exercise that there
exists a reparametrization. Here is where our assumption that )’ is never zero is important.

9.2.2 Path integral of a one-form

Definition 9.2.7. Let (x1,x2,...,x,) € R" be our coordinates. Given n real-valued
continuous functions w1, @y, . .., w, defined on a set S C R”, we define a one-form to be an
object of the form

w =a)1dx1+w2dx2+---+a)ndxn.

We could represent w as a continuous function from S to R"”, although it is better to think
of it as a different object.

Example 9.2.8:

w(x,y) = dy

x2 + y? g 2+ 2
is a one-form defined on R? \ {(0,0)}.
Definition 9.2.9. Let y: [a,b] — R” be a smooth path and let

w=w1dx1+wrdxy; +--+ w, dx,,

be a one-form defined on the direct image y ([a, b]). Write v = (y1, y2, ..., ¥n)- Define:

b
/ w = / (an(y(t))yl’(t)+wz(7(t))yz'(t)+---+wn(y(t))yn’(t))dt
Y a
b n

- [ D eiboo]d

a ]=1

To remember the definition note that x; is y;(t), so dx; becomes y].’(t) dt.

If y is piecewise smooth, take the corresponding partitiontg =a <t; <t <... <t =D,
and assume the partition is minimal in the sense that y is not differentiable at ¢, f2, . . ., ti_1.
As each 7|, ;) is a smooth path, define

/a)::/ a)+/ a)+---+/ o.
Y V|[t0,t1] V|[t1,t2] Y

|[tk_1/fk]
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The notation makes sense from the formula you remember from calculus, let us state it
somewhat informally: If x;(t) = y;(t), then dx; = yj’(t) dt.

Paths can be cut up or concatenated. The proof is a direct application of the additivity
of the Riemann integral, and is left as an exercise. The proposition justifies why we defined
the integral over a piecewise smooth path in the way we did, and it justifies that we may as
well have taken any partition not just the minimal one in the definition.

Proposition 9.2.10. Let y: [a, c] — R" be a piecewise smooth path, and b € (a, c). Define the
piecewise smooth paths a = |z p) and B = y|p,]- Let w be a one-form defined on y([a, c]).

Then
/w—/a)+/a)
)4 o B

Example 9.2.11: Let the one-form @ and the path y: [0,27] — R? be defined by

X .
. dx + P dy, y(t) = (cos(t), sin(t)).

w(x,y) =

Then
2m —sin(t) . cos(t)
W = - t t)) | dt
/y /0 ((cos(if))2 + (sin(t))z( sint)) + (Cos(i,‘))2 + (sin(t))2 (cosi(t)

27
=/ Ldt =
0

Next, parametrize the same curve as a: [0, 1] — R? defined by a(t) := (cos(2nt), sin(2nt)),
that is, @ is a smooth reparametrization of . Then

—s1n(27tt) ,
-2 2t
./ / ( cos(27'ct) (s1n(2nt))2( msin(2nt))

+ cos(2) (27 cos(27'ct))) dt

(cos(2mt))* + (sin(27t))?

1
:/ 2ndt =
0

Finally, reparametrize with : [0,27] — R? as f(t) := (cos(—t), sin(~t)). Then

2n —sm( t) , cos(—t) )
it ~cos(~1)) | dt
/ / ( (cos(=)" (Sm(_t))z S0+ (cos(=1))* + (sin(—t))Z( eoel4)

= (1)dt_
0

The path «a is an orientation preserving reparametrization of y, and the integrals are the
same. The path g is an orientation reversing reparametrization of y and the integral is
minus the original. See Figure 9.5.
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y(#/2) = a(l/4) = p(37/2)
y(/4) = a(l/s) = B(77/4)
7(0) = a(0) = p(2n)
y(@2n) = a(1) = (0)

y(n) = a(l/2) = B(n)

y(r/2) = a(3/4) = p(7/2)

Figure 9.5: A circular path reparametrized in two different ways. The arrow indicates the
orientation of y and a. The path g traverses the circle in the opposite direction.

The previous example is not a fluke. The path integral does not depend on the
parametrization of the curve, the only thing that matters is the direction in which the curve
is traversed.

Proposition 9.2.12. Let y: [a,b] — R" be a piecewise smooth path and y o h: [c,d] — R" a
piecewise smooth reparametrization. Suppose w is a one-form defined on the set y([a, b]). Then

/ fy w  if h preserves orientation,
w =
yoh

- fy w if h reverses orientation.

Proof. Assume first that  and & are both smooth. Write w = w1 dx1 + w2 dxy +- -+ wy dxy,.

Suppose that & is orientation preserving. Use the change of variables formula for the
Riemann integral:

éwzlbﬁkMﬂmﬁwdt

j=1

il n
:[ D (1) )y () | () e

=1

Il
r\
U
2

a)j(y(h(r)))(yj oh)(7)|dr :/ w.

=1 yoh

If h is orientation reversing, it swaps the order of the limits on the integral and introduces
a minus sign. The details, along with finishing the proof for piecewise smooth paths, is left
as Exercise 9.2.4. |
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Due to this proposition (and the exercises), if I' C R" is the image of a simple piecewise
smooth path y ([a, b]), then as long as we somehow indicate the orientation, that is, the
direction in which we traverse the curve, we can write

fe
r

without mentioning the specific . Furthermore, for a simple closed path, it does not even
matter where we start the parametrization. See the exercises.

Recall that simple means that y is one-to-one except perhaps at the endpoints, in

particular it is one-to-one when restricted to [a, b). We may relax the condition that the
path is simple a little bit. For example, it is enough to suppose that y: [a,b] — R" is
one-to-one except at finitely many points. See Exercise 9.2.14. But we cannot remove the
condition completely as is illustrated by the following example.
Example 9.2.13: Take y: [0,2n] — R? givenby y(t) := (cos(t), sin(t)), and §: [0,27] — R?
by B(t) = (cos(2t), sin(2t)). Notice that ([0, 2r]) = B([0, 27]); we travel around the same
curve, the unit circle. But y goes around the unit circle once in the counter clockwise
direction, and f goes around the unit circle twice (in the same direction). See Figure 9.6.

y(7/2) = (r/a) = P(57/4)
y(/4) = p(/s) = (O /s)

7(0) = B(0) = B(m)
y(2m) = (2n)

y(m) = p(7/2) = B(37/2)

y(n/2) = p(3r/4) = p(7/)

Figure 9.6: Circular path traversed once by y: [0,27] — R? and twice by B: [0,2r] — R2.

Compute

271
/—y dx +xdy = / ((— sin(t)) (- sin(t)) + cos(t) cos(t))dt =2m,
)4 0

2n
/—y dx + x dy = / ((— sin(2t)) (2 sin(2t)) + cos(t)(2 cos(t)))dt = 4.
§ 0

It is sometimes convenient to define a path integral over y: [4,b] — R" thatis not a

path. Define
/cu :—/ a)] (y(1)) Y '(t) | dt
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for every continuously differentiable y. A case that comes up naturally is when y is
constant. Then y’(t) = 0 for all ¢, and y([a,b]) is a single point, which we regard as a
“curve” of length zero. Then, fy w = 0 for every w.

9.2.3 Path integral of a function

Next, we integrate a function against the so-called arc-length measure ds. The geometric
picture we have in mind is the area under the graph of the function over a path. Imagine a
tence erected over y with height given by the function and the integral is the area of the
fence. See Figure 9.7.

X

Figure 9.7: A path y: [a,b] — R? in the xy-plane (bold curve), and a function z = f(x, y)
graphed above it in the z direction. The integral is the shaded area depicted.

Definition 9.2.14. Suppose y: [a,b] — R" is a smooth path, and f is a continuous function
defined on the image y([4, b]). Then define

b
ds = t "(H)]| dt.
/yf [f(y( Ny ®l

To emphasize the variables we may use

/y F(x)ds(x) = /y £ ds.

The definition for a piecewise smooth path is similar as before and is left to the reader.

The path integral of a function is also independent of the parametrization, and in this
case, the orientation does not matter.

Proposition 9.2.15. Let y: [a,b] — R" be a piecewise smooth path and y o h: [c,d] — R"
a piecewise smooth reparametrization. Suppose f is a continuous function defined on the set

y([a,b]). Then
ds = ds.
IRERIE
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Proof. Suppose h is orientation preserving and that y and & are both smooth. Then

d

_ / £ (o)) ly” (o) @) e
d

_ / (& o @)y 0 BY (@)l d

If h is orientation reversing it swaps the order of the limits on the integral, but you also
have to introduce a minus sign in order to take /' inside the norm. The details, along with
finishing the proof for piecewise smooth paths is left to the reader as Exercise 9.2.5. O

As before, due to this proposition (and the exercises), if y is simple, it does not matter
which parametrization we use. Therefore, if I' = y([a, b]), we can simply write

/rfds.

In this case we do not need to worry about orientation, either way we get the same integral.

Example 9.2.16: Let f(x,y) := x. Let C C R? be half of the unit circle for x > 0. We wish

to compute
/ f ds.
C

Parametrize the curve C via y: [-7/2,7/2] — R? defined as y(t) := (cos(t),sin(t)). Then
y'(t) = (— sin(t), cos(t)), and

i/ n/
/Cfds = [/f ds = [ 2cos(t)\/(— sin(t))2 + (cos(t))zdt = [ 2cos(t) dt = 2.

/2 /2

Definition 9.2.17. Suppose I' C R" is parametrized by a simple piecewise smooth path
y: [a,b] — R", thatis y([a,b]) = . We define the length by

(T) = /rds :/Vds.

b
(= [yl

If v is smooth,
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This may be a good time to mention that it is common to write fa Iy’ (t)|| dt even if the
path is only piecewise smooth. That is because ||y ’(t)|| is defined and continuous at all but
tinitely many points and is bounded, and so the integral exists.

Example 9.2.18: Let x, y € R" be two points and write [x, y] as the straight line segment
between the two points x and y. Parametrize [x, y] by y(t) := (1 — t)x + ty for t running
between 0 and 1. See Figure 9.8. Then y’(t) = y — x, and therefore

1
f([x,y])=/ ds=/ ly = xlldt = lly = x]I.
[x,y] 0

The length of [x, y] is the standard euclidean distance between x and y, justifying the name.

Figure 9.8: Straight path between x and y parametrized by (1 —t)x + ty.

A simple piecewise smooth path y: [0, r] — R" is said to be an arc-length parametrization
if for all t € [0, r], we have

((y([0,t])) =t.

If y is smooth, then
t t
/OdT:t:e(y([o,tm:/o Iy’ (0l dr

for all t, which means that ||y ’(t)|| = 1 for all f. Similarly for piecewise smooth y, we get
l’(t)]| = 1 for all + where the derivative exists. So you can think of such a parametrization
as moving around your curve at speed 1. If y: [0, 7] — R" is an arclength parametrization,
. . r

it is common to use s as the variable as /y fds= [ f(y(s))ds.

9.2.4 Exercises

Exercise 9.2.1: Show that if ¢: [a,b] — R" is a piecewise smooth path as we defined it, then ¢ is a
continuous function.

Exercise 9.2.2: Finish the proof of Proposition 9.2.6 for orientation reversing reparametrizations.
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Exercise 9.2.3: Prove Proposition 9.2.10.

Exercise 9.2.4: Finish the proof of Proposition 9.2.12 for
a) orientation reversing reparametrizations, and

b) piecewise smooth paths and reparametrizations.

Exercise 9.2.5: Finish the proof of Proposition 9.2.15 for
a) orientation reversing reparametrizations, and

b) piecewise smooth paths and reparametrizations.

Exercise 9.2.6: Suppose y: [a,b] — R" is a piecewise smooth path, and f is a continuous function defined
on the image y ([a, b]). Provide a definition offy fds.

Exercise 9.2.7: Directly using the definitions compute:

a) The arc-length of the unit square from Example 9.2.2 using the given parametrization.

b) The arc-length of the unit circle using the parametrization y : [0,1] — R?, y(t) = (cos(2mt), sin(27t)).
¢) The arc-length of the unit circle using the parametrization : [0,21] — R?, B(t) = (cos(t), sin(t)).

Note: Feel free to use what you know about sine and cosine from calculus.

Exercise 9.2.8: Suppose y: [0, 1] — R" isa smooth path, and w is a one-form defined on the image y ([a, b]).
Forr € [0,1], let yr: [0,7] — R" be defined as simply the restriction of y to [0, r]. Show that the function
h(r) = fy w is a continuously differentiable function on [0, 1].

Exercise 9.2.9: Suppose y: [a,b] — R" is a smooth path. Show that there exists an € > 0 and a smooth
function y: (a —€,b +€) = R" with y(t) = y(t) forall t € [a,b] and y'(t) # 0 forallt € (a —€,b + €).
That is, prove that a smooth path extends some small distance past the end points.

Exercise 9.2.10: Suppose a: [a,b] — R" and B: [c,d] — R are piecewise smooth paths such that
I = a([a, b]) = ﬁ([c, d]). Show that there exist finitely many points {p1, p2, ..., px} € I, such that the
sets a” Y ({p1,p2, ..., px}) and B~ ({p1, p2, - .., pi}) are partitions of [a, b] and [c, d] such that on every
subinterval the paths are smooth (that is, they are partitions as in the definition of piecewise smooth path).

Exercise 9.2.11:

a) Suppose y: [a,b] = R" and a: [c, d] — R" are two smooth paths that are one-to-one and y ([a, b]) =
a([c, d]). Then there exists a smooth reparametrization h: [a,b] — [c, d] such that y = a o h.
Hint 1: It is not hard to show h exists. The trick is to prove it is continuously differentiable with a nonzero
derivative. Apply the implicit function theorem though it may at first seem the dimensions are wrong.
Hint 2: Worry about derivative of h in (a, b) first.

b) Prove the same thing as part a, but now for simple closed paths with the further assumption that
y(a) = y(b) = a(c) = a(d).
c) Prove parts a) and b) but for piecewise smooth paths, obtaining piecewise smooth reparametrizations.

Hint: The trick is to find two partitions such that when restricted to a subinterval of the partition both
paths have the same image and are smooth, see the exercise above.
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Exercise 9.2.12: Suppose a: [a,b] — R" and B: [b, c] — R" are piecewise smooth paths with a(b) = B(b).
Let y: [a, c] — R" be defined by

_fatt) iftelab],
ﬂ”’%m ifteb,c]

Show that 'y is a piecewise smooth path, and that if w is a one-form defined on the curve given by y, then

forfo- [

Exercise 9.2.13: Suppose y: [a,b] — R" and B: [c,d] — R" are two simple closed piecewise smooth
paths. That is, y(a) = y(b) and B(c) = p(d) and the restrictions y|(, p) and (¢ q) are one-to-one. Suppose
I =y([a,b]) = B(lc, d]) and w is a one-form defined on T C R". Show that either

foefe o foefr

In particular, the notation /r w makes sense if we indicate the direction in which the integral is evaluated.
Hint: See previous three exercises.

Exercise 9.2.14: Suppose y: [a,b] — R" and B: [c, d] — R" are two piecewise smooth paths which are
one-to-one except at finitely many points. That is, there exist finite sets S C [a,b] and T C [c, d] such that
Yliap)\s and Bljc apt are one-to-one. Suppose T = y([a,b]) = B([c,d]) and w is a one-form defined on

I' ¢ R". Show that either
/w:/w, or /w:_/w.
14 B b4 B

In particular, the notation /r w makes sense if we indicate the direction in which the integral is evaluated.
Hint: Same hint as the last exercise.

Exercise 9.2.15: Define y: [0,1] — R? by y(t) = (t3 sin(1/t), t (3t sin(1/t) — tcos(l/t))z) fort # 0and
y(0) = (0,0). Show that

a) y is continuously differentiable on [0, 1].

b) Show that there exists an infinite sequence {t,}_; in [0, 1] converging to 0, such that y'(t,) = (0, 0).

c) Show that the points y(t,) lie on the line y = 0 and such that the x-coordinate of y(t,) alternates between
positive and negative (if they do not alternate you only found a subsequence, you need to find them all).

d) Show that there is no piecewise smooth o whose image equals y ([0, 1]). Hint: Look at part c) and show
that o’ must be zero where it reaches the origin.

e) (Computer) If you know a plotting software that allows you to plot parametric curves, make a plot of
the curve, but only for t in the range [0, 0.1] otherwise you will not see the behavior. In particular, you
should notice that y ([0, 1]) has infinitely many “corners” near the origin.

Note: Feel free to use what you know about sine and cosine from calculus.
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9.3 Path independence

Note: 2 lectures

9.3.1 Path independent integrals

Let U C R" be a set and w a one-form defined on U. The integral of w is said to be path
independent if for every pair of points x, y € U and every pair of piecewise smooth paths
y:la,b] > Uand B: [c,d] — U such that y(a) = f(c) = x and y(b) = (d) = y, we have

e
[erforfe

Not every one-form gives a path independent integral. Most do not.

In this case, we simply write

Example 9.3.1: Let y: [0, 1] — R2? be the path y(t) := (t,0) going from (0,0) to (1,0). Let
B: [0,1] — R? be the path (t) = (t, (1 — t)t) also going between the same points. Then

1 1
/yydx :/0 ya(t)y{(t)dt :/0 0(1)dt =0,

1 1
/ _ _ _1
/ﬁydh/o [v’z(t)ﬁl(t)dt—/0 (1 t)t(l)dt_6.

The integral of y dx is not path independent. In particular, /(él(’);)) y dx does not make sense.

Definition 9.3.2. Let U C R" be an open setand f: U — R a continuously differentiable
function. The one-form

of

J
z:lf::a f

of
d dxy + - - + =2 dx,
x1 X1+ &xz X2 + + axn X

is called the total derivative of f.
An open set U C R" is said to be path connected* if for every two points x and y in U,
there exists a piecewise smooth path starting at x and ending at y.

We leave as an exercise that every connected open set is path connected.

*Normally only a continuous path is used in this definition, but for open sets the two definitions are
equivalent. See the exercises.
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Proposition 9.3.3. Let U C R" be a path connected open set and w a one-form defined on U. Then
/x w is path independent (for all x,y € U) if and only if there exists a continuously differentiable
f:U — Rsuch that v = df.

In fact, if such an f exists, then for every pair of points x,y € U

[ o= -5

X

In other words, if we fix p € U, then f(x) = C + /p * w for some constant C.

Proof. First suppose that the integral is path independent. Pick p € U. Since U is path
connected, there exists a path from p to every x € U. Define

f(x) = /pxa).

Write w = w1 dx1 + wpdxy + -+ + @y, dx,. We wish to show that forevery j =1,2,...,n,
of

the partial derivative 5:- exists and is equal to w;.
]
Let e; be an arbitrary standard basis vector, and & a nonzero real number. Compute

f(x+heh]-)—f(x) _ % (/px+he;w_/pxw) _ %£x+h6jw/

which follows by Proposition 9.2.10 and path independence as fp G = fp Yo+ fx wHhej w,

because we pick a path from p to x + he; that also happens to pass through x, and then we
cut this path in two, see Figure 9.9.

X x+he]-

pf

»
|

€j

Figure 9.9: Using path independence in computing the partial derivative.

Since U is open, suppose h is so small so that all points of distance |/ or less from x
are in U. As the integral is path independent, pick the simplest path possible from x to
x + hej, thatis y(t) = x + the; for t € [0,1]. The path is in U. Notice y ’(t) = he; has only
one nonzero component and that is the jth component, which is /. Therefore,

1 x+he; 1 1 1 1
E[ W = E/Vw = E/O a)j(x+th€j)hdt =/O a)j(x+thej)dt.
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We wish to take the limit as h — 0. The function w;j is continuous at x . Given € > 0,

suppose h is small enough so that |a)](x) a)](y)| < € whenever |[x — y|| < |h|. Thus,
|a)](x +thej) — a)](x)| < eforallt €[0,1], and we estimate

‘/ a)j(x + tth) dt — a)]'(x)
0

= ‘/ (a)j(x + tth) - cuj(x)) dt| <e.
0

That is,
f(x + hej) = f(x)
m

h—0 h - CL)](X)

All partials of f exist and are equal to w;, which are continuous functions. Thus, f is
continuously differentiable, and furthermore df = w.

For the other direction, suppose a continuously differentiable f exists such that df = w.
Take a smooth path y: [a,b] — U such that y(a) = x and y(b) = y. Then

d
/ﬁf./( O+ 2 f@mnao+

- [ o) a

= f(y) = f(x).

The value of the integral only depends on x and y, not the path taken. Therefore the
integral is path independent. We leave checking this fact for a piecewise smooth path as
an exercise. O

8 ’
- S (o)) a

Path independence can be stated more neatly in terms of integrals over closed paths.

Proposition 9.3.4. Let U C R" be a path connected open set and w a one-form defined on U.
Then w = df for some continuously differentiable f : U — R if and only if

/ w=0  forevery piecewise smooth closed path y: [a,b] — U
y

Proof. Suppose w = df and let y be a piecewise smooth closed path. Since y(a) = y(b) for
a closed path, the previous proposition says

[@=roo)-fir@) =0

4

Now suppose that for every piecewise smooth closed path vy, fy w = 0. Let x, y be two

pointsin U and let a: [0,1] — U and B: [0,1] — U be two piecewise smooth paths with
a(0) = B(0) = x and a(1) = B(1) = y. See Figure 9.10.
Define y: [0,2] — U by

0 = a(t) ift €[0,1],
= B2 -t) ifte(1,2].
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Figure 9.10: Two paths from x to y.

This path is piecewise smooth. This is due to the fact that y[jo1)(t) = a(t) and |1 2)(t) =
B(2 —t) (note especially y(1) = a(1) = f(2—-1)). Itis also closed as y(0) = a(0) = (0) = y(2).

So
O:/a):/a)—/a).
Y a B

This follows first by Proposition 9.2.10, and then noticing that the second part is § traveled
backwards so that we get minus the § integral. Thus the integral of w on U is path
independent. m|

However one states path independence, it is often a difficult criterion to check, you have
to check something “for all paths.” There is a local criterion, a differential equation, that
guarantees path independence, or in other words it guarantees an antiderivative f whose
total derivative is the given one-form w. Since the criterion is local, we generally only find
the function f locally. We can find the antiderivative in every so-called simply connected
domain, which informally is a connected open set where every path between two points
can be “continuously deformed” into any other path between those two points. But to
make matters simple, we prove the result for so-called star-shaped domains, which is often
good enough. As a bonus the proof in the star-shaped case constructs the antiderivative
explicitly. As balls are star-shaped we then have the result locally.

Definition 9.3.5. Let U C R" be an open set and p € U. We say U is a star-shaped domain
with respect to p if for every other point x € U, the line segment [p, x] is in U, that is, if
(1-t)p +tx €U forallt € [0,1]. If we say simply star-shaped, then U is star-shaped with
respect to some p € U. See Figure 9.11.

Figure 9.11: A star-shaped domain with respect to p.
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Notice the difference between star-shaped and convex. Convex implies star-shaped, but
a star-shaped domain need not be convex.

Theorem 9.3.6 (Poincaré lemma). Let U C R" be a star-shaped domain and w a continuously
differentiable one-form defined on U. That is, if

w :a)ldx1+a)2dx2+-~-+a)ndxn,
then w1, wa, . .., wy are continuously differentiable functions. Suppose that for every j and k

8CU] dwy
8xk 8x]

then there exists a twice continuously differentiable function f: U — R such that df = w.
The condition on the derivatives of w is precisely the condition that the second partial
derivatives commute. That is, if df = w, and f is twice continuously differentiable, then

dwj  Pf  Pf  dwy
8xk B 8xk8x]~ B anaxk B 5’Xj )

The condition is clearly necessary. The Poincaré lemma says that it is sufficient for a
star-shaped U.

Proof. Suppose U is a star-shaped domain with respect to p = (p1, p2, ..., pn) € U. Given
x =(x1,x2,...,%,) € U,definethepathy: [0,1] = Uas y(t) := (1-t)p+tx,soy’(t) = x—p.

Let
1(n
x)= [ w= wr((1—t)p + tx) (xx — pr) | dt.
flx /y /O(kzz; k( p x)xk Pk)

We differentiate in x; under the integral, which is allowed as everything, including the
partials, is continuous:

(1 —t)p +tx) t(xx — pk)) +wj(Q-t)p+ tx)) dt

§||
Q.)QJ
‘e QJ‘&:

8x]( )_ ((
(( (1 —t)p + tx) t(xg — Pk)) +wi((1-Hp+ tx)) dt
—/ di[ta)]((l—t)p +tx)] dt

= wj(x).

And this is precisely what we wanted. O
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Example 9.3.7: Without some hypothesis on U the theorem is not true. Let

w(x,y) = dy

x2 +y? dx X2+ 2
be defined on R? \ {0}. Then

9
dy

X
x2 + y?

_ y2_x2 _i
a2+ 2P O

—Y
x2 +y2

However, there isno f: R?\ {0} — R such that df = @. In Example 9.2.11 we integrated
from (1,0) to (1, 0) along the unit circle counterclockwise, that is y(t) = (cos(t), sin(t)) for
t € [0,2mn], and we found the integral to be 27t. We would have gotten 0 if the integral was
path independent, or in other words if there would exist an f such that df = w.

9.3.2 Vector fields
A common object to integrate is a so-called vector field.

Definition 9.3.8. Let U C R" be a set. A continuous function v: U — R" is called a vector
field. Write v = (v1,v2,...,0n).
Given a smooth path y: [a,b] — R" with y([a, b]) € U we define the path integral of

the vectorfield v as ,
/v-dy ::/ v(y(®) - y'(t)dt,
)/ a

where the dot in the definition is the standard dot product. The definition for a piecewise
smooth path is, again, done by integrating over each smooth interval and adding the
results.

Unraveling the definition, we find that

/v-dy:/vldx1+02dx2+---+vndxn.
y y

What we know about integration of one-forms carries over to the integration of vector
fields. For example, path independence for integration of vector fields is simply that

¥
/v-dy
X

is path independent if and only if v = Vf, that is, v is the gradient of a function. The
function f is then called a potential for v.

A vector field v whose path integrals are path independent is called a conservative vector
field. The rationale for the naming is that such vector fields arise in physical systems where
a certain quantity, the energy, is conserved.
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9.3.3 Exercises

Exercise 9.3.1: Findan f: R*> — R such that df = xe¥ Y dx + yex2+y2 dy.

Exercise 9.3.2: Find an w;: R?> — R such that there exists a continuously differentiable f: R*> — R for
which df = e™ dx + wy dy.

Exercise 9.3.3: Finish the proof of Proposition 9.3.3, that is, we only proved the second direction for a smooth
path, not a piecewise smooth path.

Exercise 9.3.4: Show that a star-shaped domain U C R" is path connected.

Exercise 9.3.5: Show that U = R?\ {(x,y) € R? : x < 0,y = 0} is star-shaped and find all points
(%0, yo) € U such that U is star-shaped with respect to (xo, Yo).

Exercise 9.3.6: Suppose Uy and U, are two open sets in R™ with Uy N Uy nonempty and path connected.
Suppose there exists an fi: Uy — Rand fo: Uy — R, both twice continuously differentiable such that
dfi = dfy on Uy N Uy. Then there exists a twice differentiable function F: Uy U Uy — R such that dF = df
on Uy and dF = df, on U,.

Exercise 9.3.7 (Hard): Let y: [a,b] — R" be a simple nonclosed piecewise smooth path (so y is one-to-one).
Suppose w is a continuously differentiable one-form defined on some open set V with y([a,b]) c V and

‘;T“Z = %—(;’]’ffor all j and k. Prove that there exists an open set U with y([a,b]) ¢ U C V and a twice

continuously differentiable function f: U — R such that df = w.

Hint 1: y([a,b]) is compact.

Hint 2: Show that you can cover the curve by finitely many balls in sequence so that the kth ball only
intersects the (k — 1)th ball.

Hint 3: See previous exercise.

Exercise 9.3.8:

a) Show that a connected open set U C R" is path connected. Hint: Start with a point x € U, and let
Uy C U is the set of points that are reachable by a path from x. Show that U, and U \ U, are both open,
and since U, is nonempty (x € Uy) it must be that U, = U.

b) Prove the converse, that is, an open* path connected set U C R" is connected. Hint: For contradiction
assume there exist two open and disjoint nonempty open sets and then assume there is a piecewise smooth
(and therefore continuous) path between a point in one to a point in the other.

Exercise 9.3.9: Usually path connectedness is defined using continuous paths rather than piecewise smooth
paths. Prove that for open subsets of R" the definitions are equivalent, in other words prove:

Suppose U C R" is open and for every x,y € U, there exists a continuous function y: [a, b] — U such that
y(a) = x and y(b) = y. Then U is path connected, that is, there is a piecewise smooth path in U from x to y.

*If the definition of “path connected” is as in the next exercise, “open” would not be needed for this part.
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Exercise 9.3.10 (Hard): Take

YY) = ———dx+———d

w(x,y) L L

defined on R?\ {(0,0)}. Let y: [a,b] — R2\ {(0,0)} be a closed piecewise smooth path. Let R = {(x,y) €
R?:x < 0andy = 0}. Suppose R Ny ([a,b]) is a finite set of k points. Prove that

/ w =27l
Y
for some integer £ with || < k.

Hint 1: First prove that for a path B that starts and end on R but does not intersect it otherwise, you find that
/ﬁ w is =27, 0, or 271

Hint 2: You proved above that R? \ R is star-shaped.

Note: The number { is called the winding number it measures how many times does y wind around the
origin in the clockwise direction.



Chapter 10

Multivariable Integral

10.1 Riemann integral over rectangles

Note: 2-3 lectures

As in chapter 5, we define the Riemann integral using the Darboux upper and lower
integrals. The ideas in this section are very similar to integration in one dimension. The
complication is mostly notational. The differences between one and several dimensions
will grow more pronounced in the sections following.

10.1.1 Rectangles and partitions

Definition 10.1.1. Let (a1,ay,...,a,) and (b1, by, ...,b,) be such that a; < by for all k. The
set [a1,b1] X [a2, ba] X - - X [ay, by,] is called a closed rectangle. In this setting it is sometimes
useful to allow ay = by, in which case we think of [a, bx] = {ax} as usual. If ay < by for all
k, then the set (a1, b1) X (a2, b2) X -+ X (a,, by,) is called an open rectangle.

For an open or closed rectangle R := [a1, b1] X [a2,b2] X --- X [a,,b,] € R" or R =
(a1,b1) X (az,ba) X -+ - X (a,,b,) C R", we define the n-dimensional volume by

V(R) = (b1 —a1)(ba — a2) - - - (bn — an).

A partition P of the closed rectangle R = [a1, b1] X [a2,b2] X -+ X [a,, b,] is given
by partitions Py, P, ..., P, of the intervals [a1,b1], [a2,b2],...,[an, bn]. We write P =
(P1,P2,...,Py). Thatis, for every k = 1,2,...,n there is an integer {; and a finite set of
numbers Py = {Xk0, Xk1, Xk2, - - ., Xk,¢. } such that

Ak = X0 < Xk < X2 < < Xk g-1 < Xkg = i

Picking a set of n integers j1, j2, ..., j» Where jr € {1,2, ..., i} we get the subrectangle

[x1,j-1, x1,j] X [x2,5,-1 , X2,5,] X -+ X [Xn,j,-1 , Xn,j, |-
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X2,3
Ry R> R3
X272
Re Rs Ry
X2,1
R7 Rg Ro
X2,0
X1,0 X1,1 X1,2 X1,3

Figure 10.1: Example partition of a rectangle in R%. The order of the subrectangles is not
important.

We order the subrectangles somehow and we say {R1, Ry, ..., Ry} are the subrectangles
corresponding to the partition P of R, or more simply, subrectangles of P. In other words,
we subdivided the original rectangle into many smaller subrectangles. See Figure 10.1.

Let R C R" be a closed rectangle and let f : R — R be a bounded function. Let P be a
partition of R with N subrectangles Ry, Ry, ..., Ry. Define

m; = inf{f(x) i X € Ri}, M; = sup{f(x) i X € Ri},
N N

L(P, f) = Z m;V(R;), U, f) = Z MV (R;).
i=1 i=1

We call L(P, f) the lower Darboux sum and U (P, f) the upper Darboux sum.

To see the relationship to the A notation from the one-variable definition, note that
when

Ri = [x1,j-1, 21,1 X [x2,5-1, 2,51 X« X [xn,j,-1, Xn,j, ],

then

V(Ri) = (x1,j1 - .')Cl,]'l_l)(xz,]'z - x2,]'2_1) s (xn,]'n - xn,]‘n_l) = Axl,lex2,j2 cee Axn,]-n.

It is not difficult to see (left to reader) that the subrectangles of P cover our original R, and
their volumes sum to that of R. That is,

N N
R = U Ry, and V(R)= Z V(Ry).
k=1 P

The indexing in the definition may be complicated, but fortunately we do not need to
go back directly to the definition often.
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Proposition 10.1.2. Suppose R C R" is a closed rectangle and f: R — R is a bounded function.
Let m, M € R be such that for all x € R, we have m < f(x) < M. Then for every partition P of R,

mV(R) < L(P, f) < U(P, f) < MV(R).

Proof. Let P be a partition of R. For all i, we have m < m; < M; < M. Also Zfil V(R;) =
V(R). Therefore,

N
=m|> V(R)

N N
= Z mV(R;) < Z m; V(R;) <

i=1 i=1

mV(R)

=MV(R). O

’MZ

N
1l
—_

M; (R)<ZMV(R)—

N
Z V(R;)
P

10.1.2 Upper and lower integrals

By Proposition 10.1.2, the set of upper and lower Darboux sums are bounded sets and we
can take their infima and suprema. As in one variable, we make the following definition.

Definition 10.1.3. Let f: R — R be a bounded function on a closed rectangle R c R".
Define

/f = sup {L(P, f) : P a partition of R}, /f == inf {U(P, f) : P a partition of R}.
JR R

We call / the lower Darboux integral and 7 the upper Darboux integral.

And as in one dimension, we define refinements of partitions.

Definition 10.1.4. Let R ¢ R" be a closed rectangle Let P = (P1,P,,...,P,;) and P =

(131, 132, .. Pn) be partitions of R. We say P a refinement of P if, as sets, Pk C Pk for all
k=1,2,.

If P is a refinement of P, then subrectangles of P are unions of subrectangles of P.
Simply put, in a refinement, we take the subrectangles of P, and we cut them into smaller

subrectangles and call that P. See Figure 10.2.

Proposition 10.1.5. Suppose R C R" is a closed rectangle, P is a partition of R, and Pisa
refinement of P. If f: R — R is bounded, then

L(P,f) <L, f) and U, f)<UP,f).

Proof. We prove the first mequahty, and the second follows s1m11ar1y Let R1,Rs,..., RN
be the subrectangles of P and R1, Rz, ..., R be the subrectangles of R. Let I be the set of
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Xo4 X23 N — N T
| |
Rl Rz [ R3 R4 [ R5
| |
~ | |
X2,3 X2,2 = = 1 = = 1=
p Rig  |Riz © Rus Re ' Ry
2,2 ____,-:-4______:-:___‘____-:-: _________ :-:_‘:.:___
| |
Ri9 | Ry Ris Rg | Ry
X2,1 x2,1 — S— — =
Ry | Ry | Ri7 Ri0) R11
~ | |
X2,0 X2,0 ! !
X1,0 X1, X1, X1,3
X1,0 X101 %12 X153 X14 X15

Figure 10.2: Example refinement of the partition from Figure 10.1. New “cuts” are marked in
dashed lines. The exact order of the new subrectangles does not matter.

all indices j such that Ej C Rg. For example, in figures 10.1 and 10.2, Iy = {6,7,8,9} as
R4 = R¢ U Ry U Rg U Ryg. Then,

Re=|JR;, V(R =D V(R

jelk J€lk

Let m; := inf{f(x) : x € R;}, and iij := inf{f(x) :€ R;} as usual. If j € I, then my < ;.
Then

N N N N
LP,f)= > mVRe) =Y > mVR) <Y Y #V[R) =) ijV(R;) = LP,f). O
k=1 k=1 jel k=1 jely j=1

The key point of this next proposition is that the lower Darboux integral is less than or
equal to the upper Darboux integral.

Proposition 10.1.6. Let R C R" be a closed rectangle and f: R — R a bounded function. Let
m, M € R be such that for all x € R, we have m < f(x) < M. Then

mV(R) < /Rf < /Rf < MV(R). (10.1)

Proof. For every partition P, via Proposition 10.1.2,
mV(R) < L(P,f) <U(P, f) < MV(R).

Taking supremum of L(P, f) and infimum of U(P, f) over all partitions P, we obtain the
first and the last inequality in (10.1).

The key inequality in (10.1) is the middle one. Let P = (Py,P,,...,P,) and Q =
(Q1,Q2,...,Qu) be partitions of R. Define P = (131, 132, e, 13,1) by letting ka = P U Qy for
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every k. Then Pisa partition of R, and P is a refinement of P and also a refinement of Q.
By Proposition 10.1.5, L(P, f) < L(P, f) and U(P, f) < U(Q, f). Therefore,

L(P, f) < L(P, f) < U(P, f) < U(Q, f).

In other words, for two arbitrary partitions P and Q, we have L(P, f) < U(Q, f). Via
Proposition 1.2.7 from volume I, we obtain

sup {L(P, f) : P a partition of R} < inf {U(P, f) : P a partition of R}.

In other words, fR f < TR f. O

10.1.3 The Riemann integral

We have all we need to define the Riemann integral in n-dimensions over rectangles. As in
one dimension, the Riemann integral is only defined on a certain class of functions, called
the Riemann integrable functions.

Definition 10.1.7. Let R € R" be a closed rectangle and f: R — R a bounded function

such that L
éf(x)dx = /Rf(x)dx.

Then f is said to be Riemann integrable, and we sometimes say simply integrable. We denote
the set of Riemann integrable functions on R by & (R). For f € R(R) define the Riemann

integral o
Lr=fr=[r

When the variable x € R" needs to be emphasized, we write

[{f(x)dx, /Rf(xl,...,xn)dxl---dxn, or Af(x)dv,

If R ¢ R2, then we often say area instead of volume, and we write

/Rf(x) dA.

Proposition 10.1.6 immediately implies the following proposition.

Proposition 10.1.8. Let f: R — R be a Riemann integrable function on a closed rectangle
R c R" Let m,M € R be such that m < f(x) < M forall x € R. Then

mV(R) < /f < MV(R).
R
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Example 10.1.9: A constant function is Riemann integrable. Proof: Suppose f(x) = ¢ for

all x € R. Then L
CV(R)S/RfS[szCV(R).

So f is integrable, and furthermore /R f=cV(R).

The proofs of linearity and monotonicity are almost completely identical as the proofs
from one variable. We leave the next two propositions as exercises.

Proposition 10.1.10 (Linearity). Let R € R" be a closed rectangle and let f and g be in R(R)

and a € R.
/Raf:a/Rf.

(i) af isin R(R) and
[uro=[r+ s

Proposition 10.1.11 (Monotonicity). Let R € R" be a closed rectangle, let f and g be in R(R),
and suppose f(x) < g(x) for all x € R. Then

[re )

Checking for integrability using the definition often involves the following technique,
as in the single variable case.

(i) f+ gisin R(R) and

Proposition 10.1.12. Let R C R" be a closed rectangle and f: R — R a bounded function. Then
f € R(R) if and only if for every € > 0, there exists a partition P of R such that

U(P, f) - L(P, f) < e.

Proof. First, if f is integrable, then the supremum of L(P, f) and infimum of U(Q, f) over
all partitions P and Q are equal and hence the infimum of U(P, f) — L(Q, f) is zero. Taking
a common refinement P of P and Q we find U(P, f)- L(P, f)<UP, f) - L(Q, f). Hence
the infimum of U(P, f) — L(P, f) over all partitions P is zero, and so for every € > 0, there
must be some partition P such that U(P, f) — L(P, f) < €.

For the other direction, given an € > 0 find P such that U(P, f) — L(P, f) < €.

Zf B /Rf <U(P,f)-LP,f)<e.

As TR f> fR f and the above holds for every € > 0, we conclude TR f= /R fand f € R(R). O
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Suppose f: S — Riis a function and R C S is a closed rectangle. If the restriction f|r is
integrable, then for simplicity we say f is integrable on R, or f € R(R), and we write

[£= ] re

Proposition 10.1.13. Let S C R" be a closed rectangle. If f: S — R is integrableand R C S isa
closed rectangle, then f is integrable on R.

Proof. Given e > 0, find a partition P = (Py, ..., P,) of Ssuch that U(P, f) - L(P, f) < €. By
making a refinement of P if necessary, assume that the endpoints of R are in P. That is, if
R =[aq,b1] X [az,bo] X --X|a,, b,], thena;, b; € P;. Let P = (Pl, e n) be the partition of
R given by ﬁi =P;N [ai, b;]. Subrectangles of P are subrectangles of P, that is, R is a union
of subrectangles of P. Divide the subrectangles of P into two collections: Let R1, R ..., Rk

be the subrectangles of P that are also subrectangles of P and let R K+1, - - -, Ry be the rest.
See Figure 10.3. Let mj and My be the infimum and supremum of f on Ry as usual. Then,

e>U(P, f)-L(P, f) = Z(Mk — me)V(Ry) + Z (My = mi)V (Ry)

k=K+1

K
> > (Mg —m)V(Ry) = U(P, fI&) = L(P, fR).
k=1

Therefore, f|r is integrable. O
X2,3
Rz R1 Ry Rs
X322
R R3 Ry Re
X2,1
R Ry Rg R7
X2,0
X1,0 X1,1 X1,2 X1,3 X1,4

Figure 10.3: A partition of a large rectangle S, that also gives a partition of a smaller rectangle
(Ehaded and outlined) R ¢ S. The subrectangles Ri, Ry, R3, R4 are the subrectangles of

P = ({x11,x1,2, %13}, {x21, X2,2, x2,3}).
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10.1.4 Integrals of continuous functions

Although we will prove a more general result later, it is useful to start with integrability
of continuous functions. To do so, we wish to measure the fineness of partitions. In one
variable, we measure the length of a subinterval. In several variables, we measure the sides
of a subrectangle. We say a rectangle R = [a1, b1] X [a2, b2] X - - - X [ay, by, ] has longest side at
most « if by —ap <aforallk=1,2,...,n.

Proposition 10.1.14. If a rectangle R C R" has longest side at most «, then for all x,y € R,
lx-yll < Vi a.
Proof.

It = yll = NG = 1+ (2 — ) -+ (2 — )

< b1 = a1 + (b — @2 4+ (b — a2,
<vVa2+a2+---+a?=+na. O
Theorem 10.1.15. Let R € R" be a closed rectangle. If f: R — R is continuous, then f € R(R).

Proof. The proof is analogous to the one-variable proof with some complications. The set
R is a closed and bounded subset of R", and hence compact. So f is uniformly continuous
by Theorem 7.5.11 from volume I. Let € > 0 be given. Find a 6 > 0 such that ||x — y|| < 6
implies |£(x) - f(1)] < 75

Let P be a partition of R, such that longest side of every subrectangle is strictly less than
%. If x, y € Ry for a subrectangle Ry of P, then, by the proposition, ||x — y|| < \/ﬁ% = 0.
Therefore,

€
- < - < —.
)= fy) < [f(x) = f) T®
As f is continuous on Ry, which is compact, f attains a maximum and a minimum on this
subrectangle. Let x be a point where f attains the maximum and y be a point where f
attains the minimum. Then f(x) = My and f(y) = my in the notation from the definition
of the integral. Thus,
€

V(R)

N
- (Z miV (Ry)
k=1

N
= > (My = m)V(Ry)
k=1

M —mi = f(x) = f(y) <
And so

N
U(Pp, )~ L(P, f) = (Z MV (Ry)

k=1

N
€
< W;V(Rk) = €.

Via application of Proposition 10.1.12, we find that f € R(R). O
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10.1.5 Integration of functions with compact support

Let U c R" be an open set and f: U — R be a function. The support of f is the set

supp(f) ={x e U : f(x) # 0},

where the closure is with respect to the subspace topology on U. Taking the closure with
respect to the subspace topology is the same as {x € U : f(x) # 0} N U, where the closure
is with respect to the ambient euclidean space R". In particular, supp(f) € U. The support
is the closure (in U) of the set of points where the function is nonzero. Its complement in
U is open. If x € U and x is not in the support of f, then f is constantly zero in a whole
neighborhood of x.

A function f is said to have compact support if supp(f) is a compact set.

Example 10.1.16: The function f: R* — R defined by
—x(2+y2 -1 2y <,
f(x/ y) = { Y ) Y

0 else,

is continuous and its support is the closed unit disc C(0, 1) = {(x, y):yx2+y? < 1}, which
is a compact set, so f has compact support. Note that the function is zero on the entire
y-axis and on the unit circle, but all points that lie in the closed unit disc are still within the
support as they are in the closure of points where f is nonzero. See Figure 10.4.

Figure 10.4: Function with compact support (left), the support is the closed unit disc (right).

If U # R", then you must be careful to take the closure in U. Consider the following
two examples.

Example 10.1.17: Let B(0, 1) C R? be the unit disc. The function f: B(0,1) — R defined by

flx,y) = {O if X% +y? > 1/,

12— /x2+y2 if\Jx2+y2 <1/,
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is continuous on B(0, 1) and its support is the smaller closed ball C(0,1/2). As thatis a
compact set, f has compact support.
The function g: B(0,1) — R defined by

is continuous on B(0, 1), but its support is the set {(x, y) € B(0,1): x > 0}. In particular,
g is not compactly supported.

We really only need to consider the case when U = R". In light of Exercise 10.1.1,
which says every continuous function on an open U C R" with compact support can be
extended to a continuous function with compact support on R", considering U = R" is not
an oversimplification.

Example 10.1.18: The continuous function f: B(0,1) — R given by f(x, y) = sin(—+—)

1-x2—-y?
does not have compact support; as f is not constantly zero on any neighborhood of eveyry
point in B(0, 1), the support is the entire disc B(0,1). The function does not extend as
above to a continuous function on R?. In fact, it is not difficult to show that f cannot be
extended in any way whatsoever to be continuous on all of R? (the boundary of the disc is
the problem).

Proposition 10.1.19. Suppose f: R" — R is a continuous function with compact support. If R
and S are closed rectangles such that supp(f) C R and supp(f) C S, then

Jr= 1o

Proof. As f is continuous, it is automatically integrable on the rectangles R, S, and RN S.
Then Exercise 10.1.7 says /sf = /Sme = /Rf |

Because of this proposition, when f: R” — R has compact support and is integrable
on a rectangle R containing the support, we write

[r=fr o [i=]r

For example, if f is continuous and of compact support, then /IR" f exists.

10.1.6 Exercises

Exercise 10.1.1: Suppose U C R" is open and f: U — R is continuous and of compact support. Show that
the function f: R" — R

f(x) - {f(x) ifxel,

0 otherwise,

is continuous.
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Exercise 10.1.2: Prove Proposition 10.1.10.

Exercise 10.1.3: Suppose R is a closed rectangle with the length of one of the sides equal to 0. For every
bounded function f: R — R, show that f € R(R) and fR f=0.

Exercise 10.1.4: Suppose R is a closed rectangle with the length of one of the sides equal to 0, and suppose S
is a closed rectangle with R C S. If f: S — R is a bounded function such that f(x) = 0 for x € S \ R, show
that f € R(S) and/sf =0.

Exercise 10.1.5: Suppose f: R" — R is such that f(x) := 0if x # 0 and f(0) := 1. Show that f is
integrable on R := [-1,1] X [-1,1] X - - - X [-1, 1] directly using the definition, and find /R f.

Exercise 10.1.6: Suppose R is a closed rectangle and h: R — R is a bounded function such that h(x) = 0 if
x ¢ dR (the boundary of R). Let S be a closed rectangle. Show that h € R(S) and

[r=o
S

Hint: Write h as a sum of functions as in Exercise 10.1.4.

Exercise 10.1.7: Suppose R and R’ are two closed rectangles with R” C R. Suppose f: R — R is in R(R")
and f(x) =0 for x € R\ R’. Show that f € R(R) and

[l

a) First do the proof assuming that furthermore f(x) = 0 whenever x € R\ R’.

Do this in the following steps.

b) Write f(x) = g(x) + h(x) where g(x) = 0 whenever x € R\ R’, and h(x) is zero except perhaps on dR’.
Then show /R h = fR, h = 0 (see Exercise 10.1.6).

c) Show [, f = [ f.

Exercise 10.1.8: Suppose R’ C R" and R” C R" are two rectangles such that R = R" U R"” is a rectangle,
and R" N R" is rectangle with one of the sides having length 0 (that is V(R’ N R"”) = 0). Let f: R — R bea
function such that f € R(R") and f € R(R”). Show that f € R(R) and

</Rf: R/f+ R”f.

Hint: See previous exercise.

Exercise 10.1.9: Prove a stronger version of Proposition 10.1.19. Suppose f: R" — R is a function with
compact support but not necessarily continuous. Prove that if R is a closed rectangle such that supp(f) C R
and f is integrable on R, then for every other closed rectangle S with supp(f) C S, the function f is integrable
onS undfsf = fRf Hint: See Exercise 10.1.7.

Exercise 10.1.10: Suppose R and S are closed rectangles of R". Define f: R" — Ras f(x) :=1ifx € R,
and f(x) := 0 otherwise. Prove f is integrable on S and compute fs f. Hint: Consider S N R.
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Exercise 10.1.11: Let R := [0,1] x [0,1] c R2.
a) Suppose f: R — R is defined by

f@ﬁ%=f’#x:%

0 else.

Show that f € R(R) and compute fRf
b) Suppose f: R — R is defined by

1 ifxeQoryeq,
0 else.

ﬂ%w;{
Show that f ¢ R(R).

Exercise 10.1.12: Suppose R is a closed rectangle, and suppose S; are closed rectangles such that S; C R and
S;j C Sji1 forall j. Suppose f: R — R is bounded and f € R(S;) for all j. Show that f € R(R) and

].lggofsjf=/Rf-

Exercise 10.1.13: Suppose f: [-1,1]x[-1,1] — R is a Riemann integrable function such f(x) = —f(—x).
Using the definition prove
[ i
[-1,1]x[-1,1]
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10.2 Iterated integrals and Fubini theorem

Note: 1-2 lectures

The Riemann integral in several variables is hard to compute via the definition. For one-
dimensional Riemann integral, we have the fundamental theorem of calculus, which allows
computing many integrals without having to appeal to the definition of the integral. We
will rewrite a Riemann integral in several variables into several one-dimensional Riemann
integrals by iterating. However, if f: [0,1]*> — R is a Riemann integrable function, it is not
immediately clear if the three expressions

1 pl 1 pl
f, / / f(x,y)dxdy, and / / f(x,y)dydx
[0,1]2 0 Jo 0 Jo

are equal, or if the last two are even well-defined.

Example 10.2.1: Define

1 ifx=12andy € qQ,

0 otherwise.

flx,y) = {

Then f is Riemann integrable on R := [0, 1]* and fR f = 0. Moreover, /01 fol f(x,y)dxdy =0.
However,

1
/0 £(1f2, y) dy

does not exist, so strictly speaking, fol fol f(x,y)dy dx does not make sense. See Figure 10.5.

Figure 10.5: Left: [0, 1]?> with the line x = 1/2 marked dotted and /01 f(x,y)dx marked as gray

solid line for a generic y. Center: Similar picture but /01 f(x,y)dy marked for some x # 1/2.
Right: The three different rectangles in the partition used to integrate f in different grays.

Proof: We start with integrability of f. Consider the partition of [0, 1]* where the
partition in the x direction is {0,1/2 — €,1/2 + €,1} and in the y direction {0,1}. The
corresponding subrectangles are

Ry =[0,12—¢]x[0,1], Ry:=[lf2—¢,12+€]x[0,1],  Rs:=[2+e¢,1]x][0,1].
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We have my = M1 =0, mp, =0, My =1, and m3 = M3 = 0. Therefore,
L(P, f) = mV(Ry) + maV(Rp) + m3V(R3) = 0(1/2—€) + 0(2€) + 0(}/2 —€) =
and
U(P, f) = M1V(R1) + MaV(Rp) + M3V (R3) = 0(1/2—€) + 1(2¢€) + 0(1/2 — €) = 2¢

The upper and lower sums are arbitrarily close and the lower sum is always zero, so the
function is integrable and fR f=0.
For every fixed y, the function that takes x to f(x,y) is zero except perhaps at a

single point x = 1/2. Such a function is integrable and /01 f(x,y)dx = 0. Therefore,

fol /01 f(x,y)dxdy = 0. However, if x = 1/2, the function that takes y to f(1/2, y) is the
nonintegrable function that is 1 on the rationals and 0 on the irrationals. See Example 5.1.4
from volume I.

We solve this problem of undefined inside integrals by using the upper and lower
integrals, which are always defined for any bounded function.

Split the coordinates of R"*™ into two parts: Write the coordinates on R"*" = R" x R"™
as (x,y) where x € R" and y € R™. For a function f(x, y), write

) = fx,y)

when x is fixed and we want a function of y. Write

1) = flxy)
when y is fixed and we want a function of x.

Theorem 10.2.2 (Fubini version A*). Let RXS C R"XR™ bea closed rectangleand f : RXS — R
be integrable. The functions g: R — Rand h: R — R defined by

g(x) = éfx and h(x) = fo
Jos= b= for
In other words,

/Rxsf = é (éf(x,y)dy) dx = /R (Zf(x,y)dy) dx.

If f, is integrable for all x, for example when f is continuous, we obtain the more familiar

[ or= [ [remayis

*Named after the Italian mathematician Guido Fubini (1879-1943).

are integrable on R and
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Proof. A partition of R X S is a concatenation of a partition of R and a partition of S.
That is, write a partition of R X S as (P,P’) = (P1,Pa,..., Py, P{, P}, ..., P;,), where
P =(Py,P,...,Py)and P’ = (P}, P;, ..., P},) are partitions of R and S respectively. Let
Ry, Rz, ..., Ry be the subrectangles of P and R, R, .. ., R}< be the subrectangles of P’. The
subrectangles of (P, P’) are R; X R;. wherel<i<Nand1<j<K
Let
ﬂ”J::(xyigixR}f(x’y)

Notice that V(R; X R;.) = V(Ri)V(R;.) and hence

N K N K
L((P,P'), f) = > > mij V(R xR = > | X" mi; VR) | V(Ry).
i=1 j=1 i=1\j=1

Define

mj(x) = yiglzf<f (x,y) = ;?15 fx(y).
] ]

For x € R;, we have m; ; < m;(x), and therefore,

ZmHV(R><Zm,(x)v<R>—L<P' fi) < / fi = 80,

j=1

The inequality holds for all x € R;, and so

Z i, VIR) < inf g(x).

j=1
We obtain N
L((P,P"), f) < Z (xigg‘g(x)) V(Rj) = L(P, g).
— j

]:
Similarly, U((P, P’), f) = U(P, h), and the proof of this inequality is left as an exercise.
Putting the two inequalities together with the fact that g(x) < h(x) for all x,

L((P,P’), f) < L(P,g) <U(P,g) <U(P,h) <U((P,P), f).
Since f is integrable, it must be that g is integrable as
uwp,g)—-LP,g)<U(P,P),f)-L(P,P),f),

and we can make the right-hand side arbitrarily small. As for any partition we have

L((P,P), f) S L(P,g) s U((P,P’), f), wehave [, g = [ . f
Likewise,

L((P,P"), f) < L(P,g) < L(P,h) < U(P, k) < U((P,P"), f),
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and hence
U(P,h)-L(P,h) < U((P, P’),f) - L((P,P’),f).

As f is integrable, so is h. Moreover, L((P,P’), f) < L(P,h) < U((P,P’), f) implies
/R h= /RXS f =

We can also do the iterated integration in the opposite order. The proof of this version is
almost identical to version A (or follows quickly from version A). We leave it as an exercise.

Theorem 10.2.3 (Fubini version B). Let RxS C R"XR"™ bea closed rectangleand f : RxS — R
be integrable. The functions g: S — Rand h: S — R defined by

8(y) = Afy and  h(y) = ny

fi=fr= L
/Rxsf B /S(Af(X,y)dx) dy = /S(Zf(x/y) dx) dy.

Next suppose fx and fY are integrable. For example, suppose f is continuous. By
putting the two versions together we obtain the familiar

/Rxsf:/R/Sf(x’y)dydx:/S/Rf(x,y)dxdy.

Often the Fubini theorem is stated in two dimensions for a continuous function
f: R — Ronarectangle R = [a,b] X [c, d]. Then the Fubini theorem states that

éf:/ab[df(x/y)dydx=[d/abf(x,y)dxdy.

The Fubini theorem is commonly thought of as the theorem that allows us to swap the
order of iterated integrals, although there are many variations on Fubini, and we have seen
but two of them.

Repeatedly applying Fubini theorem gets us the following corollary: Let R := [a1, b1] X
[az, ba] X -+ - X [an,b,] C R" be a closed rectangle and let f: R — R be continuous. Then

bl bz bn
/f:/ / / f(XLXZ/...,xn)dxndxn_l...dxl.
R a1 az an

We may switch the order of integration to any order we please. We may relax the
continuity requirement by making sure that all the intermediate functions are integrable,
or by using upper or lower integrals appropriately.

are integrable on S and

That is,
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10.2.1 Exercises

Exercise 10.2.1: Compute /01 f_ 11 xe*¥ dx dy in a simple way.
Exercise 10.2.2: Prove the assertion U ((P, P’), f) > U(P, h) from the proof of Theorem 10.2.2.
Exercise 10.2.3 (Easy): Prove Theorem 10.2.3.

Exercise 10.2.4: Let R := [a,b] X [c,d] and f(x,y) is an integrable function on R such that for every
fixed y, the function that takes x to f(x,y) is zero except at finitely many points. Show

[ =0

Exercise 10.2.5: Let R = [a,b] X [c,d] and f(x,y) := g(x)h(y) for continuous functions g: [a,b] — R

and h: [c,d] — R. Prove b )
=)

Exercise 10.2.6: Compute (using calculus)

Lopl 22
[ [ Ehen w [ 225
o Jo (x2+y?) 0 (x2+ yz)

You will need to interpret the integrals as improper, that is, the limit of fe as e — 0*.

Exercise 10.2.7: Suppose f(x,y) = g(x) where g: [a,b] — R is Riemann integrable. Show that f is
Riemann integrable for every R = [a,b] X [c,d] and

[ = <d—c>/

Exercise 10.2.8: Define f: [-1,1] X [0,1] = R by

x ifyeq,

fly) = {O else.

a) Show fol /_11 f(x,y)dx dy exists, but f_ll /01 f(x,y)dy dx does not.

b) Compute /_11 /Olf(x, y)dy dx and f_11 folf(x, y)dy dx.

c) Show f is not Riemann integrable on [-1,1] x [0, 1] (use Fubini).
Exercise 10.2.9: Define f: [0,1] x [0,1] — R by

g ifxeQ,yeQ, andy = r/q in lowest terms,

flx,y) = {

a) Show f is Riemann integrable on [0,1] X [0, 1].

0 else.

b) Find /Olf(x, y)dx and folf(x, y)dx forall y € [0, 1], and show they are unequal for all y € Q.

c) Show /01 /01 f(x,y)dy dx exists, but /01 /01 f(x,y)dx dy does not.

Note: By Fubini, /01 /Olf(x, y)dy dx and /01 folf(x, y) dy dx do exist and equal the integral of f on R.
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10.3 Outer measure and null sets

Note: 2 lectures

10.3.1 Outer measure and null sets

Before we characterize all Riemann integrable functions, we need to make a slight detour.
We introduce a way of measuring the size of sets in R".

Definition 10.3.1. Define the outer measure of a set S c R" as
m*(S) = inf Z V(R;),
=1

where the infimum is taken over all sequences {Rj}]?'il of open rectangles such that
ScC U]f”:l R;j, and we are allowing both the sum and the infimum to be co. See Figure 10.6.
In particular, S is of measure zero or a null set if m*(S) = 0.

Figure 10.6: Outer measure construction, in this case S € Ri URy UR3 U -+, so m*(S) <
V(R]) + V(Rz) + V(Rg) R

An immediate consequence (Exercise 10.3.2) of the definition is that if A C B, then
m*(A) < m*(B). It is also not difficult to show (Exercise 10.3.13) that we obtain the same
number m*(S) if we also allow both finite and infinite sequences of rectangles in the
definition. It is not enough, however, to allow only finite sequences.

The theory of measures on R” is a very complicated subject. We will only require
measure-zero sets and so we focus on these. A set S is of measure zero if for every € > 0,
there exists a sequence of open rectangles {R j}]?’il such that

Sc URj and Z V(R)) <e. (10.2)
j=1 j=1

If S is of measure zero and S’ C S, then S’ is of measure zero. We can use the same exact
rectangles.
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It is sometimes more convenient to use balls instead of rectangles. Furthermore, we can
choose balls no bigger than a fixed radius.

Proposition 10.3.2. Let 6 > 0 be given. A set S C R" is of measure zero if and only if for every
€ > 0, there exists a sequence of open balls { By} |, where the radius of By is ry < 6, and such that

o0 oo
SCUBk and Zr]’f<e.

Note that the “volume” of By is proportional to r/.

Proof. If C is a closed cube (rectangle with all sides equal) of side s, then C is contained in a
closed ball of radius v s by Proposition 10.1.14, and hence in an open ball of radius 2/ s.

Suppose R is a rectangle of positive volume. Let s > 0 be a number less than the smallest
side of R and such that 24/n s < 6. If each side of R is an integer multiple of s, then R is
contained in a union of closed cubes Cq, Cy, ..., Cy, of side s such that }}}; V(Ck) = V(R).
So suppose the sides of R are not integer multiples of s. Consider a side of length (¢ + a)s,
for aninteger f and 0 < a < 1. As s is less than the smallest side, > 1, and so (¢ +a)s < 20s.
Increasing this side to 2¢s, and similarly increasing every side of R, we obtain a new larger
rectangle of volume at most 2" times larger, whose sides are multiples of s. See Figure 10.7.
Thus R is contained in a union of closed cubes Cq, Cs, ..., C,, of side s such that

Z V(Cy) < 2"V(R).
k=1

s = 2s

20s = 4s

Figure 10.7: Covering a rectangle by cubes of total size at most 2"V (R).

So suppose that S is a null set and there exist open rectangles {Rj}]?"’=1 whose union

contains S and such that (10.2) is true. Choose closed cubes {C};7; with Cy of side sy as
above that cover all the rectangles {R; }]?’11 and so that

Z sh=) V(C) <2 Z V(R)) < 2.

(ee] oo
k=1 k=1 j=1
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Covering each Cy with a ball By of radius rx = 2y/n s < 6, we obtain

Z Pt = Z @vn)"s!' < (4Vn)"e.
k=1 k=1

As 5 C U;Rj € Uk Cx € Ui Brand (4\/5)"6 can be arbitrarily small, the forward direction
follows.
For the other direction, suppose S is covered by balls B; of radii r;, such that Z]f'il r]’7 <§E,

as in the statement of the proposition. Each B; is contained in an open cube R; of side 27;.
So V(Rj) = (2rj)" =2" r]’.i. Therefore,

ScC UR]- and ZV(R]') < ZZ”;’? < 2"e. |
j=1 =1 =1

The definition of outer measure (not just null sets) could have been done with open
balls as well. We leave this generalization to the reader.

10.3.2 Examples and basic properties

Example 10.3.3: The set Q" Cc R" of points with rational coordinates is of measure zero.
Proof: The set Q" is countable, so write it as a sequence 41, 42, . . .. For each g;, find an
open rectangle R; with g; € Rj and V(R;) < €27/. Then

0o
=1

Q" c OR]' and i V(R]’) < ZeZ‘f = €.
j=1 j=1 ]

The example points to a more general result.

Proposition 10.3.4. A countable union of measure zero sets is of measure zero.

Proof. Suppose

S=OS]',

j=1

where S j are all measure zero sets. Let € > 0 be given. For each j, there exists a sequence
of open rectangles {R; x}} , such that

S]' C U Rj,k and Z V(R]‘,k) <27 .
k=1 k=1

Then
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All V(R; k) are nonnegative, so the sum over all j and k can be done by summing first over
the k and then over the j, see Exercise 2.6.15 in volume I. In particular, as

Z Z V(R ) < Z 27Ve =e. 0
j=1 k=1 j=1
The next example is not just interesting, it will be useful later.

Example 10.3.5: Supposen € N, k=1,2,...,n,andc € R. Then P := {x e R" : xx = c} is
of measure zero. Note that if n > 2, then P is uncountable.
Proof: First fix s € N and consider

Ps = {x e R" : xy = cand |xj| < s forall j # k}.
Given any € > 0 define the open rectangle
R = {xeR”:c—e<xk<c+€and|xj| <s+1forallj¢k}.
Clearly, Ps C R. Furthermore,
V(R) = 2¢(2(s +1))" .

As s is fixed, V(R) can be arbitrarily small by picking e small enough. So P; is of measure
Zero.
Next

and a countable union of measure zero sets is of measure zero.

Example 10.3.6: If 2 < b, then m*([a,b]) = b —a.

Proof: In R, open rectangles are open intervals. Since [a,b] C (2 —€,b +€) forall e > 0,
we have m*([a,b]) < b - a.

The other inequality is harder. Suppose {(a jrb J')};; are open intervals such that

[a,b] U(aj,b]-).
j=1

We wish to bound %72, (bj — 4;) from below. Since [4, b] is compact, finitely many of the
open intervals still cover [a,b]. As throwing out some of the intervals only makes the
sum smaller, we only need to consider the finite number of intervals covering [a, b]. If
(ai, b;) C (aj, bj), then we throw out (a;, b;) as well. The intervals that are left have distinct
left endpoints, and whenever a; < a; < b;, then b; < b;. Therefore, [a,b] C U;{:l(a]’, bj)
for some k, and we assume that the intervals are sorted such thata; < a; < -+ < 4. As
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(a2, b2) is not contained in (a1, b1), since a; > a, for all j > 2, and since the intervals must
contain every point in [a, b], we find that a, < by, or in other words a1 < a; < by < ba.
Similarly a; < aj41 < bj < bj41 for all j. Furthermore, a1 < a and by > b. See Figure 10.8 for
a sample configuration. As bj —a; > aj41 — aj, we obtain

k k-1
Z(bj —aj) 2 Z(ﬂm —aj) + (by —ax) =bx—a1 > b —a.

j=1 j=1

So m*([a,b]) > b —a.

o L ] ] ] ] | ] ] [
| I 1 1 1 1 1 1 |
a1 a dap bl as ay bz b3 l’? b4

Figure 10.8: Open intervals covering [a, b] which satisfy a; < aj;1 < bj < bj41 for all j.

Proposition 10.3.7. Suppose E C R" is a compact set of measure zero. Then for every € > 0,
there exist finitely many open rectangles Ry, Ry, ..., Ry such that

k
ECR{URyU---UR;  and ZV(Rj)<e.
=1

Moreover, for every € > 0 and every 6 > 0, there exist finitely many open balls By, Ba, ..., By of
radii r1,12,...,1¢ < O such that

EcCcBiUByU---UBy and rit <e.

Proof. As E is of measure zero, there exists a sequence of open rectangles {R j}]?";l such that

Ec|JrR; and ) V(R)<e.
j=1 =1

By compactness, there are finitely many of these rectangles that still contain E. That is,
there is some k such that E € R{ U Ry U --- U Rg. Hence

k o0
Z V(R)) < Z V(R)) < e.
j=1 j=1

The proof that we can choose balls instead of rectangles is left as an exercise. O
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Example 10.3.8: So that the reader is not under the impression that there are only few
measure zero sets and that these sets are uncomplicated, here is an uncountable, compact,
measure zero subset of [0, 1], which contains no intervals. Any x € [0, 1] can be expanded
in ternary:

X = Z d,37", where d,, =0,1, or 2.

See §1.5 in volume I, in particular Exercise 1.5.4. Define the Cantor set C as

C:= {x €[0,1]:x = Zd;ﬁ‘", where d, =0ord, =2 for alln}.

n=1

That is, x is in C if it has a ternary expansion in only Os and 2s. If x has two expansions, as
long as one of them does not have any 1s, then x is in C. Define C¢ := [0, 1] and

Cy = {xe [0,1]:x:Zdn3"”, whered, =0ord, =2foralln :1,2,...,k}.

n=1

Clearly,

See Figure 10.9.
We leave as an exercise to prove:

(i) Each Ck is a finite union of closed intervals. It is obtained by taking Cy_1, and from
each closed interval removing the “middle third.”
(i) Each Cg is closed, and so C is closed.
(iii) m*(C) =1- Tk 7

(iv) Hence, m*(C) = 0.

(v) Theset C is in one-to-one correspondence with [0, 1], in other words, C is uncountable.

Co
Cq

C; —— —_ —_ —_

C; — — — — — — — —

Cy == =- -- -- -- -- -- -

Figure 10.9: Cantor set construction.
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10.3.3 Images of null sets under differentiable functions

Before we look at images of measure zero sets, let us see what a continuously differentiable
function does to a ball.

Lemma 10.3.9. Suppose U C R" is an open set, B C U is an open (resp. closed) ball of radius at
most v, f: U — R" is continuously differentiable, and suppose || f'(x)|| < M for all x € B. Then
f(B) c B’, where B is an open (resp. closed) ball of radius at most Mr.

Proof. Suppose Bis open. As theball B is convex, Proposition 8.4.2 says that || f (x) — f(y)|| <
Ml|x —y| forall x,y € B. Soif ||[x — y|| < r, then ||f(x) — f(y)|| < Mr. In other words, if

B = B(y, r), then f(B) c B(f(y), Mr). If B is closed, then B(y, r) = B. As f is continuous,
f(B)=f(B(y, 1)  f(B(y, 7)) € B(f(y), Mr), as f(A) C f(A) for any set A. =

The image of a measure zero set using a continuous map is not necessarily a measure
zero set, although this takes some work to show (see the exercises). However, if the
mapping is continuously differentiable, then it cannot “stretch” the set that much.

Proposition 10.3.10. Suppose U C R" is open and f: U — R is continuously differentiable. If
E c U is a measure zero set, then f(E) is measure zero.

Proof. We prove the proposition for a compact E and leave the general case as an exercise.
Suppose E is compact and of measure zero. First, we will replace U by a smaller open set to
make || f'(x)|| bounded. At each point x € E pick an open ball B(x, ry) such that the closed
ball C(x, ry) C U. By compactness, we only need to take finitely many points x1, x2, .. ., Xg
to cover E with the balls B(xj, ry;). Define

q q
u = UB(x]-,rxj), K = U C(xj, ;).
j=1

=1

We have E C U’ C K C U. The set K, being a finite union of compact sets, is compact. The
function that takes x to || f’(x)|| is continuous, and therefore there exists an M > 0 such
that || f’(x)|| < M for all x € K. So without loss of generality, we may replace U by U’ and
from now on suppose that || f’(x)|| < M for all x € U.

At each x € E, take the maximum radius 0, such that B(x, 6;) C U (we may assume
U # R"). Let 6 = inf,cg 6x. We want to show that 6 > 0. Take a sequence {xj}]?";l in E so
that 6y, — 6. As E is compact, we can pick the sequence to be convergent to some y € E.

Once [|x; -y < 62_y, then 6y, > %’J’ by the triangle inequality. Thus, 6 > 0.
Given € > 0, there exist balls By, By, ..., By of radii r1, 12, ..., rx < 9/2 such that

k
EcCcBiUByU---UB;y and Zr}’?<e.
=1
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We can assume that each ball contains a point of E and so the balls are contained in U.
Suppose B}, B, ..., B;{ are the balls of radius Mrq, Mrs, ..., Mry from Lemma 10.3.9, such
that f(B;) C B;. for all j. Then,

k
f(E) C f(B1)U f(B2)U---U f(Bx) C BjUB,U---UB} and Z(Mr]-)” <M"e. O

j=1

10.3.4 Exercises

Exercise 10.3.1: Finish the proof of Proposition 10.3.7: Show that you can use balls instead of rectangles.
Exercise 10.3.2: If A C B, then m*(A) < m*(B).

Exercise 10.3.3: Suppose X C R" is a set such that for every € > 0, there exists a set Y such that X C'Y
and m*(Y) < €. Prove that X is a measure zero set.

Exercise 10.3.4: Show that if R ¢ R" is a closed rectangle, then m*(R) = V(R).

Exercise 10.3.5: The closure of a measure zero set can be quite large. Find an example set S C R" that is of
measure zero, but whose closure S = R".,

Exercise 10.3.6: Prove the general case of Proposition 10.3.10 without using compactness:

a) Mimic the proof to prove that the proposition holds if E is relatively compact; a set E C U is relatively
compact if the closure of E in the subspace topology on U is compact, or in other words if there exists a
compact set K with K ¢ U and E C K.

Hint: The bound on the size of the derivative still holds, but you need to use countably many balls in the
second part of the proof. Be careful as the closure of E need no longer be measure zero.

b) Now prove it for every null set E.
Hint: First show that {x € U : ||x — y|| = Ym forall y ¢ U and ||x|| < m} is compact for every m > Q.

Exercise 10.3.7: Let U C R" be an open set and let f: U — R be a continuously differentiable function.
Let G := {(x,y) € UX R :y = f(x)} be the graph of f. Show that G is of measure zero.

Exercise 10.3.8: Given a closed rectangle R C R", show that for every € > 0, there exists a number s > 0
and finitely many open cubes C1,Ca, ..., Ck of side s such that R € C1 U Co U -+ - U Cy and

k
Z V(Cj) < V(R) +e.

j=1
Exercise 10.3.9: Show that there exists a number k = k(n,r, 6) depending only on n, r and 6 such the

following holds: Given B(x,r) C R" and 6 > 0, there exist k open balls By, By, . .., By of radius at most 6
such that B(x,r) C By U By U -+ - U By. Note that you can find k that only depends on n and the ratio o/r.

Exercise 10.3.10 (Challenging): Prove the statements of Example 10.3.8. That is, prove:
a) Each Cy is a finite union of closed intervals, and so C is closed.

b) m*(Ci)=1- Y5y =

c) m*(C)=0.

d) The set C is in one-to-one correspondence with [0, 1].
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Exercise 10.3.11: Prove that the Cantor set of Example 10.3.8 contains no interval. That is, whenever a < b,
there exists a point x ¢ C such that a < x < b.

Note a consequence of this statement. While every open set in R is a countable disjoint union of intervals, a
closed set (even though it is just the complement of an open set) need not be a union of intervals.

Exercise 10.3.12 (Challenging): Let us construct the so-called Cantor function or the Devil’s staircase.
Let C be the Cantor set and let Cy be as in Example 10.3.8. Write x € [0, 1] in ternary representation
X =2,-1d,37". Ifd, # 1 forall n, then let ¢, = %for all n. Otherwise, let k be the smallest integer such
that di = 1. Let ¢, = %" ifn <k, cy:=1andc, = 0if n > k. Define
p(x) = Z cn 27"
n=1

a) Prove that @ is continuous and increasing (see Figure 10.9).

b) Prove that for x ¢ C, @ is differentiable at x and ¢’(x) = 0. (Notice that ¢’ exists and is zero except for a
set of measure zero, yet the function manages to climb from 0 to 1.)

c) Define : [0,1] — [0,2] by P (x) = @(x) + x. Show that 1\ is continuous, strictly increasing, and
bijective.

d) Prove that while m*(C) = 0, m*(¢(C)) # 0. That is, continuous functions need not take measure zero
sets to measure zero sets. Hint: m*(¢([0,1] \ C)) = 1, but m*([0,2]) = 2.

0.5

0 I |
0 0.5 1

Figure 10.10: Cantor function or Devil’s staircase (the function ¢ from the exercise).

Exercise 10.3.13: Prove that we obtain the same outer measure if we allow both finite and infinite sequences
in the definition. That is, define (*(S) = inf };c; V(R;) where the infimum is taken over all countable
(finite or infinite) sets of open rectangles {R;}jer such that S C U;e; Rj. Prove that for every S c R”,
w(S) = m*(S).

Exercise 10.3.14: Prove that for any two subsets A, B ¢ R", we have m*(A U B) < m*(A) + m*(B).
Exercise 10.3.15: Suppose A, B c R" are such that m*(B) = 0. Prove that m*(A U B) = m*(A).

Exercise 10.3.16 (Challenging): Suppose R1, Ry, ..., R, are pairwise disjoint open rectangles. Prove that
m* (RiURyU---UR,) =m*(R1) + m*(Rp) + - -- + m*(R,,). Hint: Some of the exercises above may prove
very useful.
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10.4 The set of Riemann integrable functions

Note: 1 lecture

10.4.1 Oscillation and continuity

Consider D ¢ R" and f: D — R. Instead of just saying that f is or is not continuous at a
point x € D, we want to quantify how discontinuous is f at x. For every 6 > 0, define the
oscillation of f on the 6-ball in subspace topology, Bp(x, ) = Br:(x,0) N D, as

o(f,x,6)= sup f(y)— inf f(y)= sup (f(y1)=f(y2)).

YE€Bp(x,0) y€Bp(x,0) Y1,42€Bp(x,0)

That is, o(f, x, 0) is the length of the smallest interval that contains the image f (B plx, 6)).
The definition makes sense for unbounded functions, where the oscillation can be oo,
although we will mainly consider bounded functions. Clearly o(f, x,0) > Oand o(f, x, 0) <
o(f,x,0") whenever 6 < §’. Therefore, the limit as 6 — 0 from the right exists, and we
define the oscillation of f at x as

o(f,x) = 6li_)n(c)1+ o(f,x,0) = iijr;go(f,x,é).

We will prove that function is continuous at x if and only if o(f, x) = 0. Fox example,
if f: R — R is the Dirichlet function where f(x) = 1if x € Q and f(x) = 0 otherwise,
then o(f, x) = 1 for every x, as any interval contains both rational and irrational numbers.
Accordingly, f is not continuous at any x. For another example, which is perhaps the origin
of the terminology, let g: R — R be given by g(x) = sin(!/x) for x # 0 and g(0) = 0, see
Figure 10.11. Then at the discontinuity at x = 0, we find 0(g, 0) = 2, as in any neighborhood
of 0, the function takes both values 1 and —1. For all x # 0, the function is continuous and
so, as we will see, 0(g, x) = 0.

Figure 10.11: Graph of sin(1/x).
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Proposition 10.4.1. A function f: D — R is continuous at x € D if and only if o(f, x) = 0.

Proof. First suppose that f is continuous at x € D. Given € > 0, there exists a 6 > 0 such
that for y € Bp(x, 0), we have |f(x) — f(y)| < €. Therefore, if y1, y2 € Bp(x, ), then

fy) = fy2) = (f(y1) = f(x) = (f(y2) — f(x)) < €+ € =2e.

Take the supremum over y; and y» to find

o(f,x,0) = sup (f(y1) —f(yz)) < 2e.
Y1,¥2€Bp(x,0)

Aso(x, f) <o(f,x,0) <2¢e,and € > 0 was arbitrary, o(x, f) = 0.
On the other hand, suppose o(x, f) = 0. Givene > 0,finda 6 > Osuch thato(f, x,0) < e.
If y € Bp(x, 6), then

lf(x) = fy)l < sup  (f(y1) - f(y2)) = o(f,x,0) <e. O

y1,¥2€Bp(x,0)

Proposition 10.4.2. Let D C R" beclosed, f: D — R,and e > 0. Theset {x € D : o(f,x) > €}
is closed.

Proof. Equivalently, we want to show that G = {x €D :o(f,x) < e} is open in the
subspace topology. Consider x € G. As infssg0(f, x,0) < €, find a 6 > 0 such that

o(f,x,0) <e.
Take any & € Bp(x, 9/2). Notice that Bp(&, 9/2) € Bp(x, 0). Therefore,

of £92) =  sup  (fly)-f(y2)) < sup  (f(y1) - f(y2)) = o(f, x,0) <e.

y1,42€Bp(&,9/2) y1,Y2€Bp(x,0)

So o(f,¢&) < € as well. As this is true for all £ € Bp(x, 9/2), we get that G is open in the
subspace topology, and D \ G is closed as claimed. O

10.4.2 The set of Riemann integrable functions

We have seen that continuous functions are Riemann integrable, but we also know that
certain kinds of discontinuities are allowed. It turns out that as long as the discontinuities
happen on a set of measure zero, the function is integrable, and vice versa.

Theorem 10.4.3 (Riemann-Lebesgue or Lebesgue—Vitali*). Let R C R" be a closed rectangle
and f: R — R bounded. Then f is Riemann integrable if and only if the set of discontinuities of
f is of measure zero.

*Giuseppe Vitali (1875-1932) was an Italian mathematician. Note also that the name Riemann-Lebesgue
often refers to a result like Exercise 5.2.18 from volume I.


https://en.wikipedia.org/wiki/Giuseppe_Vitali
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Proof. Let S C R be the set of discontinuities of f, thatis, S = {x € R:o(f,x) > 0}.
Suppose S is a measure zero set: m*(S) = 0. The trick to proving that f is integrable is to
isolate the bad set into a small set of subrectangles of a partition. A partition has finitely
many subrectangles, so we need compactness. If S were closed, then it would be compact
and we could cover it by finitely many small rectangles. Unfortunately, S itself is not closed
in general, but the following set is. Given € > 0, define

Se:={xeR:o(f, x)>e}.

By Proposition 10.4.2, S, is closed, and as it is also a subset of the bounded R, S, is compact.
Moreover, S C S and S is of measure zero, so Se is of measure zero. Via Proposition 10.3.7,
finitely many open rectangles O1, Oy, ..., Ok cover S, and 2;11 V(Oj) <e.

ThesetT := R\ (O1U---U Oy) is closed, bounded, and so compact. As o(f, x) < € for
all x € T, for each x € T, there is a 6 > 0 such that o(f, x, 8) < €, so there exists a small
closed rectangle T, C B(x, 0) with x in the interior of Ty, such that

sup f(y) — inf f(y) <e.

yeTy yeTy
The interiors of the rectangles Ty cover T. As T is compact, finitely many such rectangles
T, To,..., Ty cover T. Construct a partition P out of the endpoints of the rectangles
T, T,...,Tyand O1, Oy, ..., Ok (ignoring those that are outside the endpoints of R). The
subrectangles Ry, Ry, ..., R, of P are such that every R; is contained in Ty for some ¢ or
the closure of Oy for some £. Order the rectangles so that Ry, R», ..., R, are those that are
contained in some Ty, and Rg4+1, Rg42, . . ., R are the rest. See Figure 10.12. So

9 p k
VR)<V(R) and > V(R)< Y V(O <e.
j=1 j=q+1 (=1

The second estimate holds because the R; that are subsets of Oy give a partition of O, and
hence their volumes sum to V(Oy). Let m; and M; be the inf and sup of f over R; as usual.
If R; C Ty for some ¢, then M; —m; < €. Let B € R be such that |f(x)| < B forall x € R, so
M; —m; < 2B over all rectangles. Then

P
U(P, f) = L(P, f) = )} (Mj—m)V(R))

j=1

g p
= DM = mp)VR) | +{ D (M- mp)V(R))
j=1 j=q+1

q

< ZeV(Rj) + Zp] 2BV(R;)

j=1 j=q+1
< eV(R) +2Be = €(V(R) + 2B).

We can make the right-hand side as small as we want, and hence f is integrable.
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Figure 10.12: A rectangle R with S, marked as thick black line, and the O, as shaded rectangles.
The partition is given by the dotted lines. Note how the R; partition the O,.

For the other direction, suppose f is Riemann integrable on R. Let S be the set of
discontinuities of f again. Consider the sequence of sets

Sik = {x €R:o(f,x) >k}

Fixa k € N. Given an € > 0, find a partition P with subrectangles R, R», ..., Ry such that

p
lﬂﬂﬁ—L@JvzzyMrmmvmp<e
j=1
Suppose Ri, Ry, ..., R, are ordered so that the interiors of R1,R», ..., R, intersect Sy,
while the interiors of Ry+1, Ry+2, ..., Ry are disjoint from Sy ;. Let R;’ denote the interior
of R;j. Suppose j < q and consider x € R;? N S1/k. Let 6 > 0 be small enough so that
B(x,0) C Rj. Asx € Sy, we geto(f, x,0) = o(f,x) > 1/k, which, along with B(x, 6) C R},
implies M; — m; > 1/k. Then

q
> Z(M] m)V(R;) = Z(M] —m)V(R)) = %Z V(R)).
j=1

j=1 j=1

In other words, Z?zl V(R;) < ke. Let G be the set of all boundaries of all the subrectangles of

P. The set G is of measure zero (it can be covered by finitely many sets from Example 10.3.5).
We find
Sk CRJURSU---UR; UG.

As G can also be covered by open rectangles arbitrarily small volume, S;/x must be of
measure zero. As
s=|Jsin
k=1

and a countable union of measure zero sets is of measure zero, S is of measure zero. 0O
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Corollary 10.4.4. Let R C R" be a closed rectangle. Let R(R) be the set of Riemann integrable
functions on R. Then

(1) R(R) is a real algebra: If f,g € R(R)and a € R, then af € R(R), f + g € R(R) and
f8 € R(R).
(ii) If f, g € R(R) and

@(x) = max{f(x), g(x)}, P(x) = min{f(x), g(x)},

then @, € R(R).
(iii) If f € R(R), then |f| € R(R), where |f|(x) = |f(x)|.

(iv) If R’ c R" isanother closed rectangle, U C R" and U’ C R" are open sets such that R ¢ U
and R c U’, ¢: U — U’ is continuously differentiable, bijective, g1 is continuously
differentiable, g(R) C R’, and f € R(R’), then the composition f o g is Riemann integrable
on R.

The proof is contained in the exercises.

10.4.3 Exercises

Exercise 10.4.1: Suppose f: (a,b) X (c,d) — R is a bounded continuous function. Show that the integral
of f over R = [a,b] X [c, d]| makes sense and is uniquely defined. That is, set f to be anything (bounded) on
the boundary of R and compute the integral, showing that the values on the boundary are irrelevant.

Exercise 10.4.2: Suppose R C R" is a closed rectangle. Show that R(R), the set of Riemann integrable
functions, is an algebra. That is, show that if f, g € R(R)and a € R, then af € R(R), f + g € R(R), and

fg € R(R).

Exercise 10.4.3: Suppose R C R" is a closed rectangle and f: R — R is a bounded function which is zero
except on a closed set E C R of measure zero. Show that fR f exists and compute it.

Exercise 10.4.4: Suppose R C R" is a closed rectangle and f: R — R and g: R — R are two Riemann
integrable functions. Suppose f = g except for a closed set E C R of measure zero. Show that /R f= /R g.

Exercise 10.4.5: Suppose R C R" is a closed rectangle and f: R — R is a bounded function.
a) Suppose there exists a closed set E C R of measure zero such that f|r\g is continuous. Then f € R(R).

b) Find an example where E C R is a set of measure zero (not closed) such that f|g\g is continuous and
f & R(R).

Exercise 10.4.6: Suppose R C R" is a closed rectangle and f: R — R and g: R — R are Riemann
integrable. Show that

@(x) = max{f(x), g(x)}, P(x) = min{f(x), g(x)},

are Riemann integrable.
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Exercise 10.4.7: Suppose R C R" is a closed rectangle and f: R — R is Riemann integrable. Show that
|f| is Riemann integrable. Hint: Define f,(x) := max{f(x),0} and f_(x) := max{—f(x),0}, and then
write | f| in terms of f, and f_.

Exercise 10.4.8:

a) Suppose R C R" and R” C R" are closed rectangles, U C R" and U’ C R" are open sets such
that R ¢ U and R’ c U’, g: U — U’ is continuously differentiable, bijective, g~! is continuously
differentiable, g(R) C R’, and f € R(R’), then the composition f o g is Riemann integrable on R.

b) Find a counterexample when g is not one-to-one. Hint: Try g(x,y) == (x,0)and R = R” = [0, 1] x[0, 1].
Exercise 10.4.9: Suppose f: [0,1]*> — R is defined by

ﬁ ifx,y € Qand x = £ and y = g in lowest terms,

flxy)= {O else.

Show that f € %([0,1]°).

Exercise 10.4.10: Compute the oscillation o(f, (x,y)) for all (x, y) € R? for the function

= if(x,y) #(0,0),
=l x*+y
fee) {0 if (x, ) = (0,0).

Exercise 10.4.11: Consider the popcorn function f: [0,1] — R,

q q

1 ifx € Qand x = £ in lowest terms,
flx) =
0 else.

Compute o(f, x) for all x € [0, 1].

Exercise 10.4.12: Suppose f: [a,b] — R and g: [c,d] — R are Riemann integrable. Show that
h:la,b] % [c,d] — R defined by h(x,y) := f(x)g(y) is Riemann integrable and

Jowee (LN )

Exercise 10.4.13: Let R C R" be a closed rectangle and f: R — R a Riemann integrable function such that
f(x) >0 forall x € R. Show that szR f =0, then there is a measure zero set E C R such that f(x) = 0 for
all x € R\ E (one says “f = 0 almost everywhere”). Note: This exercise in particular implies the rather
subtle statement: If f(x) > 0 for all x € R, then fRf > 0.
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10.5 Jordan measurable sets

Note: 1-1.5 lecture

10.5.1 Volume and Jordan measurable sets

Given a set S C R", its characteristic function or indicator function xs: R" — R is defined by

(x) = 1 ifxes,
S0 ifxes.

A bounded set S is Jordan measurable* if for some closed rectangle R such that S C R,
the function xs is Riemann integrable, that is, xs € R(R). Take two closed rectangles R
and R’ with S € Rand S C R’, then R N R’ is a closed rectangle also containing S. By
Proposition 10.1.13 and Exercise 10.1.7, xs € R (RN R’) and so xs € R(R’). Thus

[xoe [ [
R ! RNR’

We define the n-dimensional volume of the bounded Jordan measurable set S as

v(S) = /R xs,

where R is any closed rectangle containing S.
Proposition 10.5.1. A bounded set S C R" is Jordan measurable if and only if the boundary dS

IS a measure zero set.

Proof. Suppose R is a closed rectangle such that S is contained in the interior of R. If x € JS,
then for every 6 > 0, the sets S N B(x, 6) (where xs is 1) and the sets (R \ S) N B(x, 6) (where
Xs is 0) are both nonempty. So xs is not continuous at x. If x is either in the interior of S or
in the complement of the closure S, then xs is either identically 1 or identically 0 in a whole
neighborhood of x and hence xs is continuous at x. Therefore, the set of discontinuities of
Xs is precisely the boundary dS. The proposition follows. O
Proposition 10.5.2. Suppose S and T are bounded Jordan measurable sets. Then
(i) The closure S is Jordan measurable.

(i1) The interior S° is Jordan measurable.

(it1) S UT is Jordan measurable.

(tv) SNT is Jordan measurable.

(v) S\ T is Jordan measurable.

*Named after the French mathematician Marie Ennemond Camille Jordan (1838-1922).


https://en.wikipedia.org/wiki/Camille_Jordan
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The proof of the proposition is left as an exercise. Next, we find that the volume that
we defined above coincides with the outer measure we defined above.

Proposition 10.5.3. If S ¢ R" is Jordan measurable, then V(S) = m*(S).

Proof. Given € > 0, let R be a closed rectangle that contains S. Let P be a partition of R
such that

U(P, xs) < (/R )(5) +e=V(S)+e and L(P, xs) > (/R )(5) —e=V(S)—e.

Let R1, Ry, ..., Ry be all the subrectangles of P such that xs is not identically zero on each
R;. That is, there is some point x € R; such that x € S (i.e. xs(x) = 1). Let O; be an open
rectangle such that R; ¢ O; and V(Oj) < V(R;) + ¢/k. Notice that S C |J; O;. Then

k k
U(P, xs) = Z V(R)) > Z V(O)) |- e=m"(S) —e.
j=1 j=1
As U(P, xs) < V(S) + €, then m*(S) — e < V(S) + €, or in other words m*(S) < V(S).
Let R’l, R}, ..., R;, be all the subrectangles of P such that xs is identically one on each
R;.. In other words, these are the subrectangles contained in S. The interiors of the

subrectangles R;.o are disjoint and V(R;.O) = V(R;.). Via Exercise 10.3.16,

(U R’°) Z V(R?).

j=1

Hence
¢ i ¢
m'(S) = m (U ) (U R’°) =Y VR = Y VR) = L(P, f) 2 V(S) - e.
j=1 j=1 j=1 j=1
Therefore m*(S) > V(S) as well. O

10.5.2 Integration over Jordan measurable sets

In R there is only one reasonable type of set to integrate over: an interval. In R" there
are many kinds of sets. The ones that work with the Riemann integral are the Jordan
measurable sets.

Definition 10.5.4. Let S C R" be a bounded Jordan measurable set. A bounded function
f:S — Ris said to be Riemann integrable on S, or f € R(S), if for a closed rectangle R such

that S C R, the function f: R — R defined by

i) {f(x) ifxes,

0 otherwise,
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[r-J7

When f is defined on a larger set and we wish to integrate over S, then we apply the
definition to the restriction f|s. As the restriction can be defined by the product f&s, and
the product of Riemann integrable functions is Riemann integrable, f|s is automatically
Riemann integrable. In particular, if f: R — R for a closed rectangle R, and S C Ris a

Jordan measurable subset, then
/ f= / fxs.
S R

Proposition 10.5.5. If S C R" is a bounded Jordan measurable set and f: S — R is a bounded
continuous function, then f is integrable on S.

is in R(R). In this case we write

Proof. Define the function fas above for some closed rectangle R with S ¢ R. If x e R\ S,
then fis identically zero in a neighborhood of x. Similarly if x is in the interior of S, then
f = f on a neighborhood of x and f is continuous at x. Therefore, fis only ever possibly
discontinuous at ¢S, which is a set of measure zero, and we are finished. O

We say some property for almost every x if it holds for all x except on a set of measure
zero. We can also just say that it happens almost everywhere. For example, wesay f: S — R

and g: S — R are equal almost everywhere if there exists a measure zero set E C S such
that f(x) = g(x) forall x € S\ E.

Many of the standard properties of the integral just carry over easily since we are really
integrating over a rectangle. Furthermore, we can make some of the statements to be almost
everywhere. Proofs of the following three propositions left as exercises.

Proposition 10.5.6. Suppose S C R" is a bounded Jordan measurable set and f: S — R and
g: S — R are Riemann integrable on S, and o € R. Then

(1) If f = 0almost everywhere, then /s f=0.
(ii) If f = g almost everywhere, then fs f= fs g
(iif) f + g is Riemann integrable on S and fs(f +9)= fsf + fs g
(iv) af is Riemann integrable on S and /s af =« /s f.
(v) If f(x) < g(x) for almost every x, then fsf < fs g
We also have additivity.

Proposition 10.5.7. Suppose A C R" and B C R" are disjoint bounded Jordan measurable sets
and f: AU B — R is such that the restrictions f|a and f|p are Riemann integrable on A and B
respectively. Then f is Riemann integrable on A U B and

Jou = L4 J
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Finally, to integrate over non-rectangular regions using Fubini’s theorem, the typical
way is to cut the region into simpler pieces that can be described by two graphs. We state
the theorem in the plane, but similar statements can be made in more variables. The proof
is again left as an exercise.

Proposition 10.5.8. Let f: [a,b] — R and g: [a,b] — R be continuous functions and such
that for all x € (a,b), f(x) < g(x). Let

U={xy)eR®:a<x<band f(x) <y < g(x)}.

See Figure 10.13. Then U is Jordan measurable, and if ¢ : U — R is Riemann integrable on U,
then
b rs)
/(p:/ / p(x,y)dydx.
u a f(x)

y=gx)

y=f(x) —
| |
[

a b

Figure 10.13: Region between two graphs.

10.5.3 Images of Jordan measurable subsets

Finally, images of Jordan measurable sets are Jordan measurable under nice enough
mappings. For simplicity, we assume that the Jacobian determinant never vanishes.

Proposition 10.5.9. Suppose U C R" is open and S C U is a compact Jordan measurable set.
Suppose g: U — R" is a one-to-one continuously differentiable mapping such that the Jacobian
determinant [ is never zero on S. Then g(S) is bounded and Jordan measurable.

Proof. Let T := g(S). By Lemma 7.5.5 from volume I, the set T is also compact and so
closed and bounded. We claim JT c g(dS). Suppose the claim is proved. As S is Jordan
measurable, then JdS is measure zero. Then g(JS) is measure zero by Proposition 10.3.10.
As JT c g(dS), then T is Jordan measurable.

It is therefore left to prove the claim. As T is closed, dT C T. Suppose y € JT, then
there must exist an x € S such that g(x) = y, and by hypothesis J,(x) # 0. We use the
inverse function theorem (Theorem 8.5.1). We find a neighborhood V C U of x and an
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open set W such that the restriction f|y is a one-to-one and onto function from V to W
with a continuously differentiable inverse. In particular, g(x) =y € W. As y € JT, there
exists a sequence {yx};>, in W with limy— yx = y and yx ¢ T. As gy is invertible and
in particular has a continuous inverse, there exists a sequence {x};>, in V such that
g(xx) = yx and limy_,eo xx = x. Since yx € T = g(S), clearly xx ¢ S. Since x € S, we
conclude that x € dS. The claim is proved, dT C g(dS). m|

10.5.4 Exercises

Exercise 10.5.1: Prove Proposition 10.5.2.
Exercise 10.5.2: Prove that a bounded convex set is Jordan measurable. Hint: Induction on dimension.

Exercise 10.5.3: Prove Proposition 10.5.8. That is,

a) Show that U is Jordan measurable.
b) Prove that /u Q= /ah fffi};) p(x,y)dy dx.

Exercise 10.5.4: Let us construct an example of a non-Jordan measurable open set. Start in one dimension.
Let {rj}]?“’:1 be an enumeration of all rational numbers in (0,1). Let (aj, b;) be open intervals such that

(aj,bj) C (0,1) forall j, r; € (aj, b)), and Z}Zl(bj —aj) < 1/2. Now let U := U}'il(aj, bj).

a) Show the open intervals (aj, bj) as above actually exist.

b) Prove dU = [0,1]\ U.

c) Prove dU is not of measure zero, and therefore U is not Jordan measurable.

d) Show that W := (U x (0,2)) U ((0,1) X (1,2)) is a connected bounded open set in R? that is not Jordan

measurable.

Exercise 10.5.5: Suppose K € R" is a closed measure zero set.

a) If K is bounded, prove that K is Jordan measurable.

b) If S ¢ R" is bounded and Jordan measurable, prove that S \ K is Jordan measurable.

c) Construct a bounded Jordan measurable S C R" and a bounded T C R" of measure zero, such that

neither T nor S\ T is Jordan measurable.

Exercise 10.5.6: Suppose U C R" is open and K C U is compact. Find a compact Jordan measurable set S
such that S C U and K C §° (K is in the interior of S).

Exercise 10.5.7: Prove a version of Corollary 10.4.4, replacing all closed rectangles with closed and bounded
Jordan measurable sets.

Exercise 10.5.8: Prove Proposition 10.5.6.

Exercise 10.5.9: Prove Proposition 10.5.7.
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10.6 Green’s theorem

Note: 1 lecture, requires chapter 9

One of the most important theorems in the calculus of several variables is the so-called
generalized Stokes’ theorem, a generalization of the fundamental theorem of calculus. The
two-dimensional version is called Green’s theorem*. We will state the theorem in general,
but we will only prove a special, but important, case.

Definition 10.6.1. Let U c R? be a bounded connected open set. Suppose the boundary
dU is a disjoint union of (the images of) finitely many simple closed piecewise smooth
paths such that every p € U is in the closure of R? \ U. Then U is called a bounded domain
with piecewise smooth boundary in R2.

The condition about points outside the closure says that locally JU separates R? into
an “inside” and an “outside.” The condition prevents JU from being just a “cut” inside
U. As we travel along the path in a certain orientation, there is a well-defined left and a
right, and either U is on the left and the complement of U is on the right, or vice versa.
The orientation on U is the direction in which we travel along the paths. We can switch
orientation if needed by reparametrizing the path.

Definition 10.6.2. Let U c R? be a bounded domain with piecewise smooth boundary, let
dU be oriented , and let y: [a,b] — R? be a parametrization of JU giving the orientation.
Write y(t) = (x(t), y(t)). If the vector n(t) := (—y’(t), x’(t)) points into the domain, that is,
en(t)+y(t)isin U for all small enough € > 0, then dU is positively oriented. See Figure 10.14.
Otherwise it is negatively oriented.

ou

Yt = (x(), (1))

Figure 10.14: Positively oriented domain (left), and a positively oriented domain with a hole
(right).

The vector n(t) turns y ’(t) counterclockwise by 90°, that is to the left. When we travel
along a positively oriented boundary in the direction of its orientation, the domain is “on
our left.” For example, if U is a bounded domain with “no holes,” that is JU is connected,
then the positive orientation means we are traveling counterclockwise around JU. If we
do have “holes,” then we travel around them clockwise.

*Named after the British mathematical physicist George Green (1793-1841).


https://en.wikipedia.org/wiki/George_Green_(mathematician)
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Proposition 10.6.3. Let U C R? be a bounded domain with piecewise smooth boundary. Then U
is Jordan measurable.

Proof. We must show that JU is a null set. As dU is a finite union of piecewise smooth
paths, which are finite unions of smooth paths, we need only show that a smooth path in
R?is anull set. Let y: [a,b] — R? be a smooth path. It is enough to show that y((a, b)) is
a null set, as adding the points y(a) and y(b), to a null set still results in a null set. Define

fi(a,b)x(-1,1) - R?, as f(x,y) = y(x).

The set (4, b) X {0} is a null set in R? and y((a, b)) = f((a,b) X {0}). By Proposition 10.3.10,
y((a, b)) is a null set in R? and so y([a, b]) is a null set, and so finally JU is a null set. O

Theorem 10.6.4 (Green). Suppose U C R? is a bounded domain with piecewise smooth boundary
with the boundary positively oriented. Suppose P and Q are continuously differentiable functions
defined on some open set that contains the closure U. Then

20 8P)
Pd dy = = - .
/au HQdy /u(ax dy

We stated Green’s theorem in general, although we will only prove a special version of
it. That is, we will only prove it for a special kind of domain. The general version follows
from the special case by application of further geometry, and cutting up the general domain
into smaller domains on which to apply the special case.

Let U C R?be a bounded domain with piecewise smooth boundary. We say U is of type
I if there exist numbers a < b, and continuous functions f: [a,b] - Rand g: [4,0] = R,
such that

U:={(xy)eR®:a<x<band f(x) <y < gx)}.

Similarly, U is of type II if there exist numbers ¢ < d, and continuous functions h: [c,d] — R
and k: [c,d] — R, such that
u:= {(x,y) eR?>:c< y<dand h(y) <x < k(y)}.

Finally, U C R2 is of type 111 if it is both of type I and type II. See Figure 10.15.
Common domains to apply Green’s theorem to are rectangles and discs, and these are
type Il domains. We will only prove Green’s theorem for type III domains.

Proof of Green’s theorem for U of type I1I. Let f, g, h, k be the functions defined above. Using
Proposition 10.5.8, U is Jordan measurable and as U is of type I, then

L5/ /(fz (5w dyat

= /a ( P(x, f(x)) + P(x,g(x))) dx

b
= / P(x,g(x))dx— [ P(x,f(x))dx

a
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Figure 10.15: Domain types for Green’s theorem.

We integrate P dx along the boundary. The one-form P dx integrates to zero along the
straight vertical lines in the boundary. Therefore it is only integrated along the top and
along the bottom. As a parameter, x runs from left to right. If we use the parametrizations
that take x to (x, f(x)) and to (x, g(x)) we recognize path integrals above. However the
second path integral is in the wrong direction; the top should be going right to left, and so
we must switch orientation.

/aude:/abP(X,g(X))dx+/baP(x,f(x))dx:/u(_g_l;)_

Similarly, U is also of type II. The form Q dy integrates to zero along horizontal lines.

So
/ /(h(y) _(x y)dxdy = / Q(y, h(y)) - Q(y,k(y))) dx = /au Q dy.

Putting the two computations together we obtain

) (9P, [0 [ o
/aude+Qdy—/aude+/aqu3/—/u( 8y)+ uax_[l(8x 6’]/)'

Let us see how one can use the simple version of Green’s (type Il domains only) for a
more complex path.

Example 10.6.5: Suppose P(x,y) = #yyz, Qx,y) = =

so that we have a so-called vector field, (P, Q) is called the vortex vector field, as it gives the
velocity of particles traveling in a vortex around the origin. Variations on this vector field
come up often in applications. Suppose that y is a path that goes counterclockwise around
a rectangle whose interior contains the origin. We claim

d dy = 2m.
/Vx2+y2 x+x2+y2 Y =2m

First we draw a circle C of radius r > 0 centered at the origin such that the entire circle
is within y and oriented clockwise. Consider U to be the domain between y and C. See
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Figure 10.16. The integral around JU is the integral around y plus the integral around C.
Now U is not a domain of type III, so we cannot just apply the version of Green’s theorem
we actually proved. However, if we cut the box along the axis as shown in the figure with
dashed lines, the four resulting domains, let us call them U, Uy, U3, Uy, are of type IIL.
The dashed lines are oriented in opposite directions for the two U; that share them, and so
when we integrate along both, the integrals cancel. That is,

/de+Qdy:

ou
/de+Qdy+/ de+Qdy+/ de+Qdy+/ Pdx +Qdy.
(9U1 8U2 auS

dUy

Now we can apply Green’s theorem to every U;. We leave it to the reader to verify that

; ioin, 99 _ 9P _
outside of the origin, 5% — oy = 0. So

/ de+Qdy:/(a—Q—8—P):/O:O.
ou; u \9x 9y u;
Next we notice that

/de+Qdy+/de+Qdy:/ Pdx+Qdy =0.
C

Y au

So the integral around C is minus the integral around y. The integral around C is easy to
compute as on C we have x> + y2 = r2,s0 P(x, y) = ;—;/ and Q(x,y) = 5. We leave it to the
reader to compute

/Cde+Qdy:‘/Cr—2dx+r—2dy:—2n.

The claim follows.

Uz A;V u3 i
______ - I
\4 -
5] c
u ! Ut Agv Uy Y

Figure 10.16: Changing the box integral to an integral around a small circle around the origin.
The domain U is the entire shaded area between the circle and the box.

We remark that if ¥ would not contain the origin, fy Pdx +Qdy =0, as we could just
apply Green’s to y. So this integral can detect whether the origin is inside y or not.
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As a second example, we illustrate the usefulness of Green’s theorem on a fundamental
result about harmonic functions.

Example 10.6.6: Suppose U C R? is open and f: U — R is harmonic, that is, f is twice

continuously differentiable and satisfies the Laplace equation, g 5 + gyf = 0. Harmonic
functions are, for instance, the steady state heat distribution, or the electric potential
between charges. We will prove one of the most fundamental properties of these functions.

Let D, := B(p, r) be a disc such that its closure D, = C(p,r) c U. Write p = (xo, o). We
orient dD, positively. See Exercise 10.6.1. Then via Green’s and differentiation under the
integral,

0 L 82f i
ﬁ 8x2 9]/

! af  of
2_711" 8Dr—@dx+£dy

21
Zinr 0 (—@(xo + 7 cos(t), yo + rsin(t)) (-7 sin(t))

+ (;_i (xo + 7 cos(t), yo + r sin(t))r cos(t)) dt

27
= % l% /0 f(xo +rcos(t), yo + rsin(t)) dtl )

Let g(r) = 5 /Ozn f(xo +7rcos(t), yo + rsin(t)) dt for r > 0 (small enough). The function
is continuous at r = 0 (exercise), and we have just proved that ¢’(r) = 0 for all r > 0.
Therefore, g(0) = g(r) for all » > 0, and

1 271

g(r) =¢(0) = o ), f(xo0 +0cos(t), yo + 0sin(t)) dt = f(xo, yo)-

We proved the mean value property of harmonic functions:

21
f(x0,y0) = % /0 f(xo0 + rcos(t), yo + rsin(t)) d =5 / f ds.

That is, for a harmonic function, the value at p = (xo, yo) equals the average of its values
over a circle of any radius r centered at (xo, o).

10.6.1 Exercises

Exercise 10.6.1: Prove that a disc B(p, ) C R? is a type IIl domain, and prove that the orientation given by
the parametrization y(t) = (xo + r cos(t), yo + r sin(t)) where p = (xo, yo) is the positive orientation of the
boundary dB(p, r).

Note: Feel free to use what you know about sine and cosine from calculus.
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Exercise 10.6.2: Prove that a convex bounded domain with piecewise smooth boundary is a type I1I domain.

Exercise 10.6.3: Suppose V C R? is a bounded domain with piecewise smooth boundary of type III and
suppose that U C R? is an open set such that V. C U. Suppose f: U — R is a twice continuously

differentiable function. Prove that /av z—f; dx + % dy = 0.

Exercise 10.6.4: For a disc B(p, r) C R2, orient the boundary dB(p, r) positively.

a) Compute/ -y dx.
dB(p,r)

b) Compute / xdy.

9B(p,r)
c) Compute / Vsl dy.
9B(p,r) 2 2

Exercise 10.6.5: Using Green’s theorem show that the area of a triangle with vertices (x1,y1), (X2, y2),
(x3,y3) s %lxlyz + X2Y3 + X3Y1 — Y1X2 — Yox3 — y3x1|. Hint: See previous exercise.

Exercise 10.6.6: Using the mean value property prove the maximum principle for harmonic functions:
Suppose U C R? is a connected open set and f: U — R is harmonic. Prove that if f attains a maximum at
p € U, then f is constant.

Exercise 10.6.7: Let f(x,y) = In/x2 + y2.

a) Show f is harmonic where defined.

b) Show lim f(x,y)= —oo.
(0, y)—0

c) Using a circle C, of radius r around the origin, compute % fa . fds. What happens as r — 0?

d) Why can’t you use Green'’s theorem?
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10.7 Change of variables

Note: 1 lecture

In one variable, we have the familiar change of variables

g(b)

b
/ f(8(x))g (x)dx = f(x)dx.

g(a)

The analogue in higher dimensions is quite a bit more complicated. The first complication
is orientation. If we use the definition of integral from this chapter, then we do not have

the notion of /a versus /ba. We are simply integrating over an interval [a, b]. With this
notation, the change of variables becomes

[ rswig@iar= [ fwx
[a,b] g([a,b])

In this section we will obtain the several-variable analogue of this form.

Let us remark the role of |¢’(x)| in the formula. The integral measures volumes in
general, so in one dimension it measures length. Notice that |g’(x)| scales the dx and so it
scales the lengths. If our g is linear, that is, g(x) = Lx, then ¢’(x) = L and the length of the
interval g([a, b]) is simply |L|(b — a). That is because g([a, b]) is either [La, Lb] or [Lb, La].
This property holds in higher dimension with |L| replaced by the absolute value of the
determinant.

Proposition 10.7.1. Suppose R C R" is a rectangle and A: R" — R" is linear. Then A(R) is
Jordan measurable and V (A(R)) = |det(A)| V(R).

Proof. It is enough to prove for elementary matrices. The proof is left as an exercise. O

Let us prove that absolute value of the Jacobian determinant |J,(x)| = |det( g’(x))| is the
replacement of |¢’(x)| for multiple dimensions in the change of variables formula. The
following theorem holds in more generality, but this statement is sufficient for many uses.

Theorem 10.7.2. Suppose U C R" is open, S C U is a compact Jordan measurable set, and
g: U — R" is a one-to-one continuously differentiable mapping, such that J, is never zero on S.
Suppose f: g(S) — R is Riemann integrable. Then f o g is Riemann integrable on S and

F)dx = [ Fg) sl

g(S)

The set g(S) is Jordan measurable by Proposition 10.5.9, so the left-hand side does
make sense. That the right-hand side makes sense follows by Corollary 10.4.4 (actually
Exercise 10.5.7).
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Proof. The set S can be covered by finitely many closed rectangles Py, P, ..., Py, whose

interiors do not overlap such that each P; C U (Exercise 10.7.2). Proving the theorem for

P; N S instead of S is enough. Define f(y) := 0 for all y ¢ ¢(S). The new f is still Riemann

integrable since g(S) is Jordan measurable. We can now replace the integrals over S with

integrals over the whole rectangle. We therefore assume that S is equal to a rectangle R.
Let € > 0 be given. For every x € R, let

Wy ={yelU:|Ig’(x)- Wl < ¢}

By Exercise 10.7.3, W, is open. As x € W for every x, it is an open cover. By the Lebesgue
covering lemma (Lemma 7.4.10 from volume I), there exists a 6 > 0 such that for every
y € R, there is an x such that B(y, 6) C Wy. In other words, if P is a rectangle of maximum
side length less than % and y € P, then P c B(y,6) ¢ W,. By triangle inequality,

18"(&) = g'(NIl < eforall &,n € P.

Let R1, Ry, ..., Ry be subrectangles partitioning R such that the maximum side of every
R; is less than %. We also make sure that the minimum side length is at least %, which
we can do if ¢ is sufficiently small relative to the sides of R (Exercise 10.7.4).

Consider some R; and some fixed x; € R;. First suppose x; = 0, ¢(0) = 0, and g’(0) = I.

For any given y € R;, apply the fundamental theorem of calculus to the function t — g(ty)
to find g(y) = /01 g'(ty)y dt. As the side of R; is at most in, then ||y|| < 6. So

1 1
< /0 I8¢y — yll dt < Iyl /0 Ig'(ty) — Tll dt < Se.

1
lg(y) -yl = H/O (8'(ty)y — y) at

Therefore, g(R;) C R j, where R j is a rectangle obtained from R; by extending by 6¢ on all
sides. See Figure 10.17.

g(y)

e s1 o€

Figure 10.17: Image of R; under ¢ lies inside R j- A sample point y € R; (on the boundary of R;
in fact) is marked and g(y) must lie within with a radius of 0e (also marked).
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If the sides of R; are s1, 52, ..., 5y, then V(R;) = 5152+ -+ s,. Recall 6 < 2+/n sj. Thus,
V(R)) = (s1 +26€)(s2 +25€) - - (s, + 25¢€)
< (s1+4Vn si€)(sy +4Vn ss€) - - (s, + 4Vn s,€)
=s1(1+4Vne)so(l+4vne) - s,(1+4Vne) = V(R)) (1+4vne).

In other words, _
V(g(Rj) < V(Rj) < V(R))(1+4vne)".

Next, suppose A = g’(0) is not necessarily the identity. Write g = A o ¢ where ¢’(0) = I.
By Proposition 10.7.1, V (A(R;)) = |det(A)| V(R;), and hence
V(g(R))) < |det(A)| V(R;) (1 +4vn e)"
= ;O V(R;) (1 +4Vre)".
Translation does not change volume, and therefore for every R;, and x; € R;, including
when x; # 0 and g(x;) # 0, we find
V((R)) < el V(R) (1 +4vne).

Write f as f = fi — f- for two nonnegative Riemann integrable functions f. and f_:

filx) = max{f(x),O}, f-(x) = max{—f(x),O}.

So, if we prove the theorem for a nonnegative f, we obtain the theorem for arbitrary f.
Therefore, suppose that f(y) > 0 forall y € R.
For a small enough 6 > 0, we have

sup f ((x) |fg<x>|) V(R;)

xeRj

e+‘/Rf(g(x)) Jo(x)| dx >

N
N
.y sulgf(g(x))) e VR))
i=1 xXe j
]N 1
> V(gR)——
> 2l ) e
N
1
> d =
;(/g(mf(y) y) T
1
- - dy.
(1+4vne) /g(R)f(y) ’

The last equality follows because the overlaps of the rectangles are their boundaries, which
are of measure zero, and hence the image of their boundaries is also measure zero. Let €
go to zero to find

/ f(g(x0) Jg ()l dx > / Fy)dy.
R g(R)
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By adding this result for several rectangles covering an S we obtain the result for an
arbitrary bounded Jordan measurable S C U, and nonnegative integrable function f:

/ f(8(x)) Tg(x) dx > / f(y)dy.
5 g(S)

Recall that g7! exists and ¢7'(g(S)) = S. Also, 1 = Jpop1 = Jo(87' () Jo-1(y) for
y € g(S). So

/ fy)dy = / (87 ) e (™ ) 1= ()] dy
g(S) 8(5)

> /g _1(g(5))f (8(x)) Tg(x) dx = /S F(g()) g (x)| dx.

The conclusion of the theorem holds for all nonnegative f and as we mentioned above,
it thus holds for all Riemann integrable f. m]

10.7.1 Exercises

Exercise 10.7.1: Prove Proposition 10.7.1.

Exercise 10.7.2: Suppose U C R" is open and S C U is a compact Jordan measurable set. Show that there
exist finitely many closed rectangles P1,P», ..., Py such that P; C U, S C PLU P, U --- U Py, and the
interiors are mutually disjoint, that is PNPy = 0 whenever j # {.

Exercise 10.7.3: Suppose U C R" isopen, x € U, and g: U — R" is a continuously differentiable mapping.
For every € > 0, show that

Wy ={yel:|gx)-g Wl < ¢~}

is an open set.

Exercise 10.7.4: Suppose R C R" is a closed rectangle. Show that if 6" > 0 is sufficiently small relative to
the sides of R, then R can be partitioned into subrectangles where each side of every subrectangle is between
%' and o’

Exercise 10.7.5: Prove the following version of the theorem: Suppose f : R” — R is a Riemann integrable
compactly supported function. Suppose K C R" is the support of f, S is a compact set, and
g:R" — R" is a function that when restricted to a neighborhood U of S is one-to-one and
continuously differentiable, ¢(S) = K and ], is never zero on S (in the formula assume J¢(x) = 0if ¢
not differentiable at x, that is when x ¢ U). Then

fdx= [ Flgo) ol d.
Rn RH
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Exercise 10.7.6: Prove the following version of the theorem: Suppose S C R" is an open bounded Jordan
measurable set, ¢: S — R" is a one-to-one continuously differentiable mapping such that J, is
never zero on S, and such that g(S) is bounded and Jordan measurable (it is also open). Suppose
f: 8(S) — Ris Riemann integrable. Then f o g is Riemann integrable on S and

Fdr = [ Fgto) o).
g(S) S

Hint: Write S as an increasing union of compact Jordan measurable sets, then apply the theorem of the section
to those. Then prove that you can take the limit.



Chapter 11

Functions as Limits

11.1 Complex numbers

Note: half a lecture

11.1.1 The complex plane

In this chapter we consider approximation of functions, or in other words functions as
limits of sequences and series. We will extend some results we already saw to a somewhat
more general setting, and we will look at some completely new results. In particular, we
consider complex-valued functions. We gave complex numbers as examples before, but let
us start from scratch and properly define the complex number field.

A complex number is just a pair (x,y) € R?> on which we define multiplication (see
below). We call the set the complex numbers and denote it by C. We identify x € R with
(x,0) € C. The x-axis is then called the real axis and the y-axis is called the imaginary axis.
As C is just the plane, we also call the set C the complex plane.

Define:

(x,y)+(s,t) =(x+s,y+1t), (x,y)(s,t) = (xs — yt, xt + ys).

Under the identification above, we have 0 = (0,0) and 1 = (1,0). These two operations
make the plane into a field (exercise). We write a complex number (x, y) as x + iy, where
we define®

i:=1(0,1).

Notice that i? = (0,1)(0,1) = (0 — 1,0 + 0) = —1. That is, i is a solution to the polynomial
equation
z2+1=0.

From now on, we will not use the notation (x, y) and use only x + iy. See Figure 11.1.

*Note that engineers use j instead of i.
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x +iyor(x,y)

Figure 11.1: The points 1, i, x, iy, and x + iy in the complex plane.

We generally use x, y,1,s,t for real values and z, w, &, C for complex values, although
that is not a hard and fast rule. In particular, z is often used as a third real variable in R>.

Definition 11.1.1. Suppose z = x +iy. We call x the real part of z, and we call y the imaginary
part of z. We write
Re z :==x, Im z :=y.

Define complex conjugate as
zZ:=x-1y,

|z| == {[x% + 2.

Modulus is the complex analogue of the absolute value and has similar properties. For
example, |zw| = |z| |w| (exercise). The complex conjugate is a reflection of the plane across
the real axis. The real numbers are precisely those numbers for which the imaginary part
y = 0. In particular, they are precisely those numbers which satisfy the equation

and define modulus as

z =1Z.

As C is really R?, we let the metric on C be the standard euclidean metric on R?. In

particular,
|z| = d(z,0), and also |z —w| =d(z,w).

So the topology on C is the same exact topology as the standard topology on R? with the
euclidean metric, and |z| is equal to the euclidean norm on R2. Importantly, since R? is
a complete metric space, then so is C. As |z| is the euclidean norm on R?, we have the
triangle inequality of both flavors:

|z + w| < |z| + |w] and ||z|—|w||$ |z —w]|.
The complex conjugate and the modulus are even more intimately related:
1z> = x* + y* = (x +iy)(x — iy) = zZ.

Remark 11.1.2. There is no natural ordering on the complex numbers. In particular, no
ordering that makes the complex numbers into an ordered field. Ordering is one of the
things we lose when we go from real to complex numbers.
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11.1.2 Complex numbers and limits

Algebraic operations with complex numbers are continuous because convergence in R? is
the same as convergence for each component, and we already know that the real algebraic
operations are continuous. For example, write z, = x, + iy, and w, = s, +it,, and
suppose thatlim, .0z, =z =x +iyand lim, e w, = w = s +it. Let us show

lim z,w, = zw.
n—-oo

First,
The topology on C is the same as on R2, and so x, — X, Yn = Y, Sy — s,and t, — t.
Hence,

lim (x5, — Yntn) = xs — yt and lim (x,t, + Yusn) = xt + ys.
n—0oo n—oo

As (xs —yt) +i(xt + ys) = zw,

lim z,w, = zw.
n—-oo

Similarly the modulus and the complex conjugate are continuous functions. We leave
the remainder of the proof of the following proposition as an exercise.

Proposition 11.1.3. Suppose {z,};,_,, {wn};_ are sequences of complex numbers converging to
z and w respectively. Then

() lim z, +w, =z + w.
n—oo

(i) lim z,w, = zw.
n—oo

. . z

(iii) Assuming wy, # 0 foralln and w # 0, lim — = —.

n—oo Wy w

(iv) Lim |z,| = |z|.

n—oo

(v) lim z, = z.

n—oo

As we have seen above, convergence in C is the same as convergence in R2. In particular,
a sequence in C converges if and only if the real and imaginary parts converge. Therefore,
feel free to apply everything you have learned about convergence in R?, as well as applying
results about real numbers to the real and imaginary parts.

We also need convergence of complex series. Let {z,})_, be a sequence of complex
numbers. The series

(s¢)
2o
n=1
converges if the limit of partial sums converges, that is, if
k
lim Zn exists.
k—o0 7
n=

A series converges absolutely if 3 ,|z,| converges.
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We say a series is Cauchy if the sequence of partial sums is Cauchy. The following
two propositions have essentially the same proofs as for real series and we leave them as
exercises.

Proposition 11.1.4. The complex series Y, 1 zy is Cauchy if for every € > 0, there exists an
M € N such that for every n > M and every k > n, we have

k

:g: Zj <E.

j=n+1

Proposition 11.1.5. If a complex series Y, ; z, converges absolutely, then it converges.

The series ).~ ;|z,| is a real series. All the convergence tests (ratio test, root test, etc.)
that talk about absolute convergence work with the numbers |z,|, that is, they are really
talking about convergence of series of nonnegative real numbers. You can directly apply

these tests them without needing to reprove anything for complex series.

11.1.3 Complex-valued functions

When we deal with complex-valued functions f: X — C, what we often do is to write
f =u +1iv for real-valued functionsu: X - Randv: X — R.

Suppose we wish to integrate f: [a,b] — C. We write f = u + i v for real-valued u
and v. We say that f is Riemann integrable if u and v are Riemann integrable, and in this

case we define
b b b
/f::/ u+i/ 0.
a a a

We make the same definition for every other type of integral (improper, multivariable, etc.).

Similarly when we differentiate, write f: [a,b] — Cas f = u + i v. Thinking of C as
R?, we say that f is differentiable if u and v are differentiable. For a function valued in R?,
the derivative is represented by a vector in R2. Now a vector in R? is a complex number.
In other words, we write the derivative as

f/(t) =u'(t) +i0'(¢).

The linear operator representing the derivative is the multiplication by the complex number
f'(t), so nothing is lost in this identification.

11.1.4 Exercises

Exercise 11.1.1: Check that C is a field.
Exercise 11.1.2: Prove that for z, w € C, we have |zw| = |z| |w].

Exercise 11.1.3: Finish the proof of Proposition 11.1.3.
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Exercise 11.1.4: Prove Proposition 11.1.4.
Exercise 11.1.5: Prove Proposition 11.1.5.

Exercise 11.1.6: Given x + iy define the matrix [; 7 ] Prove:
a) The action of this matrix on a vector (s, t) is the same as the action of multiplying (x + iy)(s + it).

b) Multiplying two such matrices is the same multiplying the underlying complex numbers and then finding
the corresponding matrix for the product. In other words, the field C can be identified with a subset of the
2-by-2 matrices.

c) The matrix [; 7 ] has eigenvalues x + iy and x — iy. Recall that A is an eigenvalue of a matrix A if
A — Al (a complex matrix in our case) is not invertible, that is, if it has linearly dependent rows: one row
is a (complex) multiple of the other.

Exercise 11.1.7: Prove the Bolzano—Weierstrass theorem for complex sequences. Suppose {z,}, | is a
bounded sequence of complex numbers, that is, there exists an M such that |z,,| < M for all n. Prove that
there exists a subsequence {zn, }}_ | that converges to some z € C.

Exercise 11.1.8:

a) Prove that there is no simple mean value theorem for complex-valued functions: Find a differentiable
function f:[0,1] — C such that f(0) = f(1) =0, but f'(t) # 0 forall t € [0, 1].

b) However, there is a weaker form of the mean value theorem as there is for vector-valued functions. Prove: If
f:[a,b] — Cis continuous and differentiable in (a,b), and for some M, |f'(x)| < M forall x € (a,b),
then |f(b) — f(a)] < MI|b —al.

Exercise 11.1.9: Prove that there is no simple mean value theorem for integrals for complex-valued functions:
Find a continuous function f: [0,1] — C such that /01 f=0but f(t) #0forallt € [0,1].
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11.2 Swapping limits

Note: 2 lectures

11.2.1 Continuity

Let us get back to swapping limits and expand on chapter 6 of volume I. Let {f,}’_; be
a sequence of functions f,: X — Y for a set X and a metric space Y. Let f: X — Y bea
function and for every x € X, suppose

f() = lim fi(x).

We say the sequence {f, },_, converges pointwise to f.
For Y = C, a series of functions converges pointwise to f if for every x € X, we have

f@) = lim > fix) = ) filx).
k=1

k=1

The question is: If f, are all continuous, is f continuous? Differentiable? Integrable?
What are the derivatives or integrals of f? For example, for continuity of the pointwise
limit of a sequence of functions {f, }}_,, we are asking if

lim lim f,(x) 2 lim lim fu(x).
n n—00 X—X(

X—X0 N—00
A priori, we do not even know if both sides exist, let alone if they equal each other.

Example 11.2.1: The functions f,: R — R,

. 1
fu(x) = 1+

7
nx?

are continuous and converge pointwise to the discontinuous function

f) = {1 ifx =0,

0 else.

So pointwise convergence is not enough to preserve continuity (nor even boundedness).
For that, we need uniform convergence. Let f,: X — Y be functions. Then {f,,} ",
converges uniformly to f if for every € > 0, there exists an M such that for all # > M and all
x € X, we have

d(fu(x), f(x)) <e.
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A series ), | fu of complex-valued functions converges uniformly if the sequence of
partial sums converges uniformly, that is, if for every € > 0, there exists an M such that for

alln > M and all x € X,
(Z fk(x>) - f(x)
k=1

The simplest property preserved by uniform convergence is boundedness. We leave
the proof of the following proposition as an exercise. It is almost identical to the proof for
real-valued functions.

<E€.

Proposition 11.2.2. Let X be a set and (Y, d) a metric space. If f,,: X — Y are bounded functions
and converge uniformly to f: X — 'Y, then f is bounded.

If X isa set and (Y, d) is a metric space, then a sequence f,: X — Y is uniformly Cauchy
if for every € > 0, there is an M such that for all n,m > M and all x € X, we have

A, (x), funl0)) <.

The notion is the same as for real-valued functions. The proof of the following proposition
is again essentially the same as in that setting and is left as an exercise.

Proposition 11.2.3. Let X be a set, (Y,d) be a metric space, and f,: X — Y be functions.
If {fu},_, converges uniformly, then {f,}’_, is uniformly Cauchy. Conversely, if {fu} _; is
uniformly Cauchy and (Y, d) is Cauchy-complete, then {f, }_, converges uniformly.

For f: X — C, we write

1fllx = sup|f(x)].

xeX

We call ||-||x the supremum norm or uniform norm, and the subscript denotes the set over
which the supremum is taken. Then a sequence of functions f,: X — C converges
uniformly to f: X — Cif and only if

Tim |Ify = fllx =0.
The supremum norm satisfies the triangle inequality: For every x € X,

[f )+ g < [f ()] + 1) < NI lx + ligllx-

Take a supremum on the left to get

I1f +&llx < IIfllx + lIgllx-

For a compact metric space X, the uniform norm is a norm on the vector space C(X, C).
We leave it as an exercise. While we will not need it, C(X, C) is in fact a complex vector
space, that is, in the definition of a vector space we can replace R with C. Convergence in
the metric space C(X, C) is uniform convergence.

We will study a couple of types of series of functions, and a useful test for uniform
convergence of a series is the so-called Weierstrass M-test.
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Theorem 11.2.4 (Weierstrass M-test). Let X be a set. Suppose f,: X — C are functions and
M,, > 0 numbers such that

|fu(x)| <M, forall x € X, and Z M, converges.

n=1
Then
Z fn(x) converges uniformly.

n=1

Another way to state the theorem is to say thatif ), , || fx||x converges, then Y}, f,
converges uniformly. Note that the converse of this theorem is not true. Applying the
theorem to ), ;|f.(x)|, we see that this series also converges uniformly. So the series
converges both absolutely and uniformly.

Proof. Suppose )" M, converges. Given € > 0, we have that the partial sums of } 7 ; M,
are Cauchy so there is an N such that for all m,n > N with m > n, we have

m

:E: Aﬁk < E€E.

k=n+1

We estimate a Cauchy difference of the partial sums of the functions

S Al DA< Y Mi<e
k=n+1 k=n+1 k=n+1

The series converges by Proposition 11.1.4. The convergence is uniform, as N does not
depend on x. Indeed, foralln > N,

ifk(x)—zn:fk(x) < i fr(x)] < e. O
k=1 k=1 k=n+1

Example 11.2.5: The series

(o]

Z sin]gzx)

n=1

converges uniformly on R. See Figure 11.2. This series is a Fourier series, and we will see

more of these in a later section. Proof: The series converges uniformly because ., #

converges and

sin(nx 1
o) 1
12

nz
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|
B
|
NI
o
ISEES
A

Figure 11.2: Plot of ), , SH;E—;ZX) including the first 8 partial sums in various shades of gray.

Example 11.2.6: The series
oo xn

2

n=0
converges uniformly on every bounded interval. This series is a power series that we will
study shortly. Proof: Take the interval [-7, 7] C R (every bounded interval is contained in
some [—7,r]). The series ;" ;—", converges by the ratio test, so )., ’fq—’: converges uniformly
on[-r,r] as
r?’l

S

xi’l

n!

Now we would love to say something about the limit. For example, is it continuous?

Proposition 11.2.7. Let (X, dx) and (Y, dy) be metric spaces, and suppose (Y, dy) is Cauchy-
complete. Suppose f,: X — Y converge uniformly to f: X — Y. Let {xy}} , be a sequence in X
and x = limy_,o X¢. Suppose

Ay = klggo ful(xk)
exists for all n. Then {a,},_, converges and
klglc}of(xk) = lim a,.
In other words,
klim lim f,(xx) = lim klim fn(xk).
—00 N—00 n—00 k—oo0

Proof. First we show that {a,} ", converges. As {f,} ", converges uniformly it is uniformly
Cauchy. Let € > 0 be given. There is an M such that for all m,n > M, we have

dy(fn(xk),fm(xk)) <€ for all k.

Note that dy(an, am) < dy(an, fu(xr)) + dy (fu(xk), fin(xx)) + dy (fin(xk), am) and take the
limit as k — oo to find
dy(a,,a,) < €.
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Hence {a,,}> , is Cauchy and converges since Y is complete. Write a := limy_,co ay-
Find a k € N such that

dy (fe(p), f(p)) < ¢/3

for all p € X. Assume k is large enough so that
dy(ag,a) < €/3.
Find an N € N such that for m > N,

dy (fi(xm), ax) < /3.
Then for m > N,

dY(f(xm)/a) < dY(f(xm)rfk(xm)) + dY(fk(xm)/ ak) + dY(ﬂk, a) < €/3 + 6/3 + 6/3 =€. 0

We obtain an immediate corollary about continuity. If f, are all continuous then
an = fu(x) and so {a,}  , converges automatically to f(x) and so we do not require
completeness of Y.

Corollary 11.2.8. Let X and Y be metric spaces. If f,: X — Y are continuous functions such
that {fu}_, converges uniformly to f: X — Y, then f is continuous.

The converse is not true. Just because the limit is continuous does not mean that the
convergence is uniform. For example: f,: (0,1) — R defined by f,(x) := x" converge to
the zero function, but not uniformly. However, if we add extra conditions on the sequence,
we can obtain a partial converse such as Dini’s theorem, see Exercise 6.2.10 from volume L.

In Exercise 11.2.3 the reader is asked to prove that for a compact X, C(X,C) is a
normed vector space with the uniform norm, and hence a metric space. We have just
shown that C(X, C) is Cauchy-complete: Proposition 11.2.3 says that a Cauchy sequence in
C(X, C) converges uniformly to some function, and Corollary 11.2.8 shows that the limit is
continuous and hence in C(X, C).

Corollary 11.2.9. Let (X, d) be a compact metric space. Then C(X,C) is a Cauchy-complete
metric space.

Example 11.2.10: By Example 11.2.5 the Fourier series

o0

sin(nx)
Z 7’12

n=1

converges uniformly and hence is continuous by Corollary 11.2.8 (as is visible in Figure 11.2).

11.2.2 Integration

Proposition 11.2.11. Suppose f,: [a,b] — C are Riemann integrable and suppose that {f,}
converges uniformly to f: [a,b] — C. Then f is Riemann integrable and

[r=pm [ 5
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Since the integral of a complex-valued function is just the integral of the real and

imaginary parts separately, the proof follows directly by the results of chapter 6 of volume I.
We leave the details as an exercise.

Corollary 11.2.12. Suppose f,: [a,b] — C are Riemann integrable and suppose that

S )
n=1

converges uniformly. Then the series is Riemann integrable on [a, b] and

b o0 b
/ an(x) dx = Z/ fn(x)dx
4 p=1 n=14

Example 11.2.13: Let us show how to integrate a Fourier series.

/Ozcos(nt) gt = Z/ cos(nt) gt = Zsmrgnx)

n=1

The swapping of integral and sum is possible because of uniform convergence, which we
have proved before using the Weierstrass M-test (Theorem 11.2.4).

We remark that we can swap integrals and limits under far less stringent hypotheses,
but for that we would need a stronger integral than the Riemann integral. E.g. the Lebesgue
integral.

11.2.3 Differentiation

Recall that a complex-valued function f: [a,b] — C, where f(x) = u(x) + iv(x), is
differentiable, if u and v are differentiable and the derivative is

f'(x)=u'(x)+iv'(x).

The proof of the following theorem is to apply the corresponding theorem for real
functions to u and v, and is left as an exercise.

Theorem 11.2.14. Let I C R be a bounded interval and let f,: I — C be continuously differ-
entiable functions. Suppose {f,}>_, converges uniformly to g: I — C, and suppose {fq(c)};,
is a convergent sequence for some ¢ € 1. Then {f,} ", converges uniformly to a continuously
differentiable function f: 1 — C,and f' = g.

Uniform limits of the functions themselves are not enough, and can make matters even
worse. In §11.7 we will prove that continuous functions are uniform limits of polynomials,
yet as the following example demonstrates, a continuous function need not be differentiable
anywhere.
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Example 11.2.15: There exist continuous nowhere differentiable functions. Such functions
are often called Weierstrass functions, although this particular one, essentially due to Takagi*,
is a different example than what Weierstrass gave. Define

P(x) = |x] forx € [-1,1].

Extend ¢ to all of R by making it 2-periodic: Decree that ¢(x) = @(x + 2). The function
¢@: R — Ris continuous, in fact, |p(x) — ¢(y)| < |x — y| (Why?). See Figure 11.3.

Figure 11.3: The 2-periodic function ¢.

As 32, (3)" converges and |p(x)| < 1 for all x, by the M-test (Theorem 11.2.4),

o0

fx) = Z (Z) (4" x)

n=0

converges uniformly and hence is continuous. See Figure 11.4.

0 l
0 1 2

Figure 11.4: Plot of the nowhere differentiable function f.

We claim f: R — R is nowhere differentiable. Fix x, and we will show f is not

differentiable at x. Define ,
6711 = i§4_m,

where the sign is chosen so that there is no integer between 4" x and 4" (x + 6,,) = 4"x + %

*“Teiji Takagi (1875-1960) was a Japanese mathematician.


https://en.wikipedia.org/wiki/Teiji_Takagi
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We want to look at the difference quotient

S +0m) - f(x) _ i (§)"(P(4”(x + Om)) - px)

Om o 4 Om

Fix m for a moment. Consider the expression inside the series:

_ P+ 0m) — pW"x)

n = o

If n > m, then 4"6,, is an even integer. As @ is 2-periodic we get that y, = 0.
As there isno integer between 4" (x +6,,) = 4" x+1/2and 4™ x, then on this interval (t) =
+t + ¢ for some integer {. In particular, (p(4m(x +0m)) — (p(4mx)| =14"x +1)2—4"x| =1)2.

Therefore,
| = PA"(x +0m) — W )| _
e +(2)A T
Similarly, suppose n < m. Since |@(s) — @(t)| < [s — ¢,
lyal = @(4"x + (1/24"") — p(A"x)| _|£(/24" ™| _
e +(1/2)47" +(1/2)47"
And so
Fle+ o) = FO)] | (3)" || (3)"
LS 2O (3) =2 (3)
n=0 n=0
N 3 m m—1 3 n
=\7) 7= |la)
n=0
m—1
3m—-1 3"+1
m n_ am _ —
23 ;)3 =9 T3 2

As m — oo, we have d,, — 0, but 3m2+1 goes to infinity. So f cannot be differentiable at x.

11.2.4 Exercises

Exercise 11.2.1: Prove Proposition 11.2.2.
Exercise 11.2.2: Prove Proposition 11.2.3.

Exercise 11.2.3: Suppose (X, d) is a compact metric space. Prove that the uniform norm ||-||x is a norm on
the vector space of continuous complex-valued functions C(X, C).
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Exercise 11.2.4:

a) Prove that f,(x) = 27" sin(2"x) converge uniformly to zero, but there exists a dense set D C R such
that lim, .« f,(x) = 1forall x € D.

b) Prove that ), 27" sin(2" x) converges uniformly to a continuous function, and there exists a dense set
D c R where the derivatives of the partial sums do not converge.

Exercise 11.2.5: Prove that ||f||c1 = || fll[a,p] + If’l{a,0] is @ norm on the vector space of continuously
differentiable complex-valued functions C'([a, b], C).

Exercise 11.2.6: Prove Theorem 11.2.14.
Exercise 11.2.7: Prove Proposition 11.2.11 by reducing to the real result.

Exercise 11.2.8: Work through the following counterexample to the converse of the Weierstrass M-test
(Theorem 11.2.4). Define f,: [0,1] — R by

1

5 e <x<g,
x) =
ful®) {0 else.

Prove that 3., f, converges uniformly, but 3", || fulljo,1] does not converge.

Exercise 11.2.9: Suppose f,: [0,1] — R are monotone increasing functions and suppose that Y, | fu
converges pointwise. Prove that Y, | f, converges uniformly.

Exercise 11.2.10: Prove that

oo
S

n=1

converges for all x > 0 to a differentiable function.
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11.3 Power series and analytic functions

Note: 2-3 lectures

11.3.1 Analytic functions

A (complex) power series is a series of the form

o0

Z cn(z —a)"

n=0

for ¢, z,a € C. We say the series converges if the series converges for some z # a.
Let U c Cbeanopensetand f: U — C a function. Suppose that for every a € U there
exists a p > 0 and a power series convergent to the function

(©e]

f2)= ) enlz = a)"

n=0

for all z € B(a, p). Then we say f is an analytic function. Similarly, given an interval
(a,b) C R, we say that f: (a,b) — C is analytic or perhaps real-analytic if for each point
c € (a,b) there is a power series around c that converges in some (c — p, ¢ + p) for some
p > 0. As we will sometimes talk about real and sometimes about complex power series,
we will use z to denote a complex number and x a real number. We will always mention
which case we are working with.

An analytic function has different expansions around different points. Moreover,
convergence does not automatically happen on the entire domain of the function. For

example, if |z| < 1, then
1 S
Y

While the left-hand side exists on all of z # 1, the right-hand side happens to converge only

if |z| < 1. See a graph of a small piece of 7 in Figure 11.5. We cannot graph the function

itself, we can only graph its real or imaginary parts for lack of dimensions in our universe.

11.3.2 Convergence of power series

We proved several results for power series of a real variable in §2.6 of volume I. For the
most part the convergence properties of power series deal with the series Y}/ |ck| |z — a |k
and so we have already proved many results about complex power series. In particular, we
computed the so-called radius of convergence of a power series.
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Figure 11.5: Graphs of the real and imaginary parts of z = x +iy — 7L in the square [-0.8, 0.8]%.
The singularity at z = 1 is marked with a vertical dashed line.

Proposition 11.3.1. Let Y, c,(z — a)" be a power series. There exists a p € [0, co] such that
(i) If p = 0O, then the series diverges.
(if) If p = oo, then the series converges absolutely for all z € C.
(iif) If0 < p < oo, then the series converges absolutely on B(a, p), and diverges when |z — a| > p.
Furthermore, if 0 < r < p, then the series converges uniformly on the closed ball C(a, r).

The number p is the radius of convergence. See Figure 11.6. The radius of convergence
gives a disc around a where the series converges. A power series is convergent if p > 0.

series

converges ., series
‘ does not converge
a
p

Figure 11.6: Radius of convergence.

Proof. We use the real version of this proposition, Proposition 2.6.10 in volume I. Let

R = limsup /|cx|.
n—oo
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If R =0, then X7 lcul|z —a|" converges for all z. If R = oo, then )7 ;|c,| |z — a|”
converges only at z = a. Otherwise, let p := 1/r and } ;" lcu||z — a|" converges when

|z — a| < p, and diverges (in fact the terms of the series do not go to zero) when |z — a| > p.
To prove the “Furthermore,” suppose 0 < ¥ < p and z € C(a, ). Then consider the

partial sums
k k
SZIcn|lz—a|” §Z|cn|r”. O
n=0 n=0

If 37, cn(z —a)" converges for some z, then

k

Z cn(z—a)"

n=0

o0
Z cn(w—a)"
n=0
converges absolutely whenever |w — a| < |z — a|. Conversely, if the series diverges at z,
then it must diverge at w whenever |w — a| > |z — a|. Hence, to show that the radius of
convergence is at least some number, we simply need to show convergence at some point
by any method we know.

Example 11.3.2: We list some series we already know:

z" has radius of convergence 1.
n=0
(o)
1, .
Z —Z has radius of convergence co.
n!
n=0
(o)
Z n"z" has radius of convergence 0.
n=0

Example 11.3.3: Note the difference between = and its power series. Let us expand -
as power series around a pointa # 1. Letc == ﬁ then

1 c S . 1 ;
1-z =1_C(Z_a)=c;)c (z=2) _;)((1—@”“)(2_“) '

Theseries )", ¢"(z — a)" converges if and only if the series on the right-hand side converges

and ,
lim sup V|c"| = |c| = aoa

n—oo |
The radius of convergence of the power series is |1 — a|, that is the distance from 1 to a. The
function - has a power series representation around every a # 1 and so is analytic in
C\ {1} The domain of the function is bigger than the region of convergence of the power
series representing the function at any point.

It turns out that if a function has a power series representation converging to the
function on some ball, then it has a power series representation at every point in the ball.
We will prove this result later.



156 CHAPTER 11. FUNCTIONS AS LIMITS

11.3.3 Properties of analytic functions

Proposition 11.3.4. If

[©e]

f(z) = ) ealz~a)’

n=0

is convergent in B(a, p) for some p > 0, then f : B(a, p) — Cis continuous. In particular, analytic
functions are continuous.

Proof. For zg € B(a, p), pick r < p such that zp € B(a,r). On B(a,r) the partial sums
(which are continuous) converge uniformly, and so the limit f|g(, ) is continuous. Any
sequence converging to zo has some tail that is completely in the open ball B(a, r), hence f
is continuous at z. O

In Corollary 6.2.13 of volume I, we proved that we can differentiate real power series
term by term. That is, we proved that if

[©e]

fx):= ) enlx —a)"

n=0
converges for real x in an interval around a4 € R, then we can differentiate term by term
and obtain a series

(&)

f(x) = Z nea(x —a)"! = i(ﬂ + 1D)epsa(x —a)"
n=0

n=1

with the same radius of convergence. We only proved this theorem when c,, is real, however,
for complex c,,, we write ¢, = s, + it,, and as x and a are real

i ch(x —a)' = isn(x —a)" + iitn(x —a)".
n=0 n=0 n=0

We apply the theorem to the real and imaginary part.
By iterating this theorem, we find that an analytic function is infinitely differentiable:

FO(x) = i nn-1)-m—0+Dcp(x —a)"* = i(n +0)n+0-1)---(n+1)cpre(x —a)".
n={ n=0

In particular,
FO(a) = 1. (11.1)

The coefficients are uniquely determined by the derivatives of the function, and vice versa.

On the other hand, just because we have an infinitely differentiable function doesn’t

(n)
mean that the numbers ¢, obtained by ¢, = ! n!(O) give a convergent power series. There is

a theorem, which we will not prove, that given an arbitrary sequence {cn};’;l, there exists
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)
an infinitely differentiable function f such that ¢, = fn—!(o). Moreover, even if the obtained
series converges, it may not converge to the function we started with. For an example, see

Exercise 5.4.11 in volume I: The function

e Ux ifx >0,
x) =
f) {O ifx <0,

is infinitely differentiable, and all derivatives at the origin are zero. So its series at the
origin would be just the zero series, and while that series converges, it does not converge
to f for x > 0.

We can apply an affine transformation z +— z + a that converts a power series at a to a
series at the origin. That is, if

f(z) = Z cn(z —a)", we consider  f(z+a) = Z cnz".
n=0 n=0

Therefore, it is usually sufficient to prove results about power series at the origin. From
now on, we often assume a = 0 for simplicity.

11.3.4 Power series as analytic functions

We need a theorem on swapping limits of series, that is, Fubini’s theorem for sums. For
real series this was Exercise 2.6.15 in volume I, but we have a slicker argument now.

Theorem 11.3.5 (Fubini for sums). Let {ak,m};., ,,_, be a double sequence of complex numbers
and suppose that for every k the series

(e
Z |2k ml converges
m=1

and furthermore that

Then

where all the series involved converge.
Proof. Let E be the set {1/n : n € N} U {0}, and treat it as a metric space with the metric
inherited from R. Define the sequence of functions f;: E — C by

n e

ffn):= > agm  and  fi(0) = ) apm.
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As the series converges, each fi is continuous at 0 (since 0 is the only cluster point, they are
continuous at every point of E, but we don’t need that). For all x € E, we have

A < ) lakml.
m=1

As 3 22 ulak,m| converges (and does not depend on x), we know that

Zn: fr(x)
k=1

converges uniformly on E. Define

g(x) = ) filx),
k=1

which is, therefore, a continuous function at 0. So

i (i “k,m) = ifk(o) = (0) = lim g(1/n)

k=1 \m=1 k=1
o] (o9 n
= lim Z fel/n) = lim Z Z A
n—oo n—0oo
k=1 k=1 m=1
n [Se] (e o0
= lim Zak,m = Z Zak,m . O
n—oo
m=1 k=1 m=1 \k=1

Now we prove that once we have a series converging to a function in some interval, we
can expand the function around every point.

Theorem 11.3.6 (Taylor’s theorem for real-analytic functions). Let

(o]

f(x) = Z apx”

k=0

be a power series converging in (—p, p) for some p > 0. Given any a € (—p, p), and x such that
|x —al| < p —|a|, we have

@ £(k)
0= o

k
k=0

The power series at a could of course converge in a larger interval, but the one above is
guaranteed. It is the largest symmetric interval about a that fits in (—p, p).
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Proof. Given a and x as in the theorem, write

ap((x —a) + a)k

S (K
ax Z (m)ak"m(x —a)".

0 m=0

flx) =

DM 1M

>~
Il

Define ¢y, = ak(k)ak‘m if m < kand 0if m > k. Then

flx) = i i Cem(x —a)". (11.2)

k=0 m=0

(o¢]
k
= > lacl(lx — al + la])",
k=0
and this series converges as long as (|x — a| + |a|) < p or in other words if |[x —a| < p —|a|.

Using Theorem 11.3.5, swap the order of summation in (11.2), and the following series
converges when |x — a| < p —|a|:

f(x) = i i Ckm(x —a)" = i (i Ck,m) (x—a)".

k=0 m=0 m=0 \k=0

The formula in terms of derivatives at a follows by differentiating the series to obtain
(11.1). O

Note that if a series converges for real x € (a — p, a + p) it also converges for all complex
numbers in B(a, p). We have the following corollary, which says that functions defined by
power series are analytic.

Corollary 11.3.7. Foreverya € C,if 37 cx(z — a)k converges to f(z)in B(a, p)and b € B(a, p),
then there exists a power series 3 dx(z — b)k that converges to f(z) in B(b, p — |b — al).

Proof. Without loss of generality assume that a = 0. We can rotate to assume that b is real,

but since that is harder to picture, let us do it explicitly. Let a = %. Notice that

Yol = |a] = 1.
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Therefore the series )/, ck(Z/a)k = Yo cxa~*zF converges to f(z/a) in B(0, p). When
z = x is real we apply Theorem 11.3.6 at |b| and get a series that converges to f(z/a) on
B(|b], p — |b]). That is, there is a convergent series

fel) = ax(z - Ib])*
k=0
Using ab = |b|, we find
f@) = flerfa) = > axlaz = b = " ara®(z = bfa)* = > axa¥(z - b,
k=0 k=0 k=0
and this series converges for all z such that |az - |b|| <p-|blor|z—-b|<p—|bl O

We proved above that a convergent power series is an analytic function where it
converges. We have also shown before that ;= is analytic outside of z = 1.

Note that just because a real analytic funct1on is analytic on the entire real line it does
not necessarily mean that it has a power series representation that converges everywhere.
For example, the function

happens to be real analytic function on R (exercise). A power series around the origin
converging to f has a radius of convergence of exactly 1. Can you see why? (exercise)

11.3.5 Identity theorem for analytic functions

Lemma 11.3.8. Suppose f(z) = X;°, axz" is a convergent power series and {z, }°°_, is a sequence
of nonzero complex numbers converging to o, such that f(z,) = 0 for all n. Then ay = 0 for
every k.

Proof. By continuity we know f(0) = 0 so a9 = 0. Suppose there exists some nonzero ay.
Let m be the smallest m such that a,, # 0. Then

(o) o0 (o)
f(z) = Z apzk = z" Z ayzk" Z ApmZE.

Write g(z) = 272, Ar+mz" (this series converges in on the same set as f). g is continuous
and g(0) = a,, # 0. Thus there exists some 6 > 0 such that g(z) # 0 for all z € B(0, 6). As
f(z) = z2"g(z), the only point in B(0, 0) where f(z) = 0 is when z = 0, but this contradicts
the assumption that f(z,) = 0 for all n. O

Recall that in a metric space X, a cluster point (or sometimes limit point) of a set E is a
point p € X such that B(p, €) \ {p} contains points of E for all € > 0.
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Theorem 11.3.9 (Identity theorem). Let U C C be open and connected. If f: U — C and
g: U — C are analytic functions that are equal on a set E C U, and E has a cluster point in U,
then f(z) = g(z) forall z € U.

In most common applications of this theorem E is an open set or perhaps a curve.

Proof. Withoutloss of generality suppose E is the set of all points z € U such that g(z) = f(z).
Note that E must be closed as f and g are continuous.

Suppose E has a cluster point. Without loss of generality assume that 0 is this cluster
point. Near 0, we have the expansions

f(z) = Z az" and g(z) = Z bizk,
k=0 k=0
which converge in some ball B(0, p). Therefore the series
0=f(z)-g(z) = ) (ax—by)z"
k=0

converges in B(0, p). As 0 is a cluster point of E, there is a sequence of nonzero points
{zn};,_; such that f(z,) — g(z) = 0. Hence, by the lemma above ay = by for all k. Therefore,
B(0,p) C E.

Thus the set of cluster points of E is open. The set of cluster points of E is also closed: A
limit of cluster points of E is in E as it is closed, and it is clearly a cluster point of E. As U is
connected, the set of cluster points of E is equal to U, or in other words E = U. m|

By restricting our attention to real x, we obtain the same theorem for connected open
subsets of R, which are just open intervals.

11.3.6 Exercises

Exercise 11.3.1: Let

1 ifk=m,
Ay = § —2k-m ifk <m,
0 ifk > m.

Compute (or show the limit doesn’t exist):

a) Zlakml forallk, b) Zlak m| forallm,  c) i ilak,ml, d) i i Ak m, € i i A, m-

k=1 m=1 k=1 m=1 m=1 k=1
Hmt Fubzm for sums does not apply, in fact, answers to d) and e) are different.

Prove that

Exercise 11.3.2: Let f(x) := 1+ 5.
a) f is analytic function on all of R by finding a power series for f at every a € R,

b) the radius of convergence of the power series for f at the origin is 1.
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Exercise 11.3.3: Suppose f: C — C is analytic. Show that for each n, there are at most finitely many zeros
of f in B(0, n), that is, f~1(0) N B(0, n) is finite for each n.

Exercise 11.3.4: Suppose U C C is open and connected, 0 € U, and f: U — C is analytic. Treating f asa
function of a real x at the origin, suppose f)(0) = 0 for all n. Show that f(z) = 0 for all z € U.

Exercise 11.3.5: Suppose U C C is open and connected, 0 € U, and f: U — C is analytic. For real x and
y, let h(x) = f(x)and g(y) = —i f(iy). Show that h and g are infinitely differentiable at the origin and
' (0) = ¢'(0).

Exercise 11.3.6: Suppose a function f is analytic in some neighborhood of the origin, and that there exists an
M such that | f"(0)| < M for all n. Prove that the series of f at the origin converges for all z € C.

Exercise 11.3.7: Suppose f(z) = Y, ¢, 2" with a radius of convergence 1. Suppose f(0) = 0, but f is not
the zero function. Show that there exists a k € N and a convergent power series g(z) = Y, o dnz" with
radius of convergence 1 such that f(z) = z*¢(z) for all z € B(0, 1), and g(0) # 0.

Exercise 11.3.8: Suppose U C C is open and connected. Suppose that f: U — Cis analytic,t UNR # 0
and f(x) =0 forall x € UNR. Show that f(z) =0 forall z € U.

Exercise 11.3.9: Fora € Cand k =0,1,2,3.. ., define

a) _ al@=1)---(a—k)
(k) B k! ‘

a) Show that the series
. a\ _k
f(z) = kE_O (k)z

converges whenever |z| < 1. In fact, prove that for « = 0,1,2,3, ... the radius of convergence is co, and
for all other « the radius of convergence is 1.

b) Show that for x € R, |x| < 1, we have
(1+x)f'(x) = af(x),
meaning that f(x) = (1 + x)%.

Exercise 11.3.10: Suppose f: C — C is analytic and suppose that for some open interval (a,b) C R, f is
real valued on (a,b). Show that f is real-valued on R.

Exercise 11.3.11: Let D := B(0, 1) be the unit disc. Suppose f: D — C is analytic with power series
Yoo Cnz". Suppose |c,| < 1 for all n. Prove that for all z € D, we have |f(z)| < 1_+Z|
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11.4 Complex exponential and trigonometric functions

Note: 1 lecture

11.4.1 The complex exponential

Let

k=0

This series converges for all z € C, and so by Corollary 11.3.7, E is analytic on C. We notice
that E(0) = 1, and that for z = x € R, E(x) € R. Keeping x real, direct computation shows

d

E(E(x)) = E(x).

In §5.4 of volume I (or by Picard’s theorem), we proved that the unique function satisfying
E’ = E and E(0) = 1 is the exponential. In other words, for x € R, e* = E(x).
For complex numbers z, we define

o N Lk
e” = E(z)_Zﬁz.
k=0

On the real line this new definition agrees with our previous one. See Figure 11.7. Notice
that in the x direction (the real direction) the graph behaves like the real exponential, and
in the y direction (the imaginary direction) the graph oscillates.

)
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Figure 11.7: Graphs of the real part (left) and imaginary part (right) of the complex exponential
e? = e¥*. The x-axis goes from —4 to 4, the y-axis goes from —6 to 6, and the vertical axis goes
from —e* ~ —54.6 to e* ~ 54.6. The plot of the real exponential (y = 0) is marked in a bold line.
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Proposition 11.4.1 (Law of exponents). Let z, w € C be complex numbers. Then

ez+w — ezew

Proof. We already know that the equality e**Y = e*e¥ holds for all real numbers x and y.
For every fixed y € R, consider the expressions as functions of x and apply the identity
theorem (Theorem 11.3.9) to get that e**¥ = e“e¥ for all z € C. Fixing an arbitrary z € C, we
get e**V = e%eY for all y € R. Again by the identity theorem e**" = eZ*e” forallw € C. O

A simple consequence of the proposition is that e* # O forall z € C,as e*e™ = ¢*7* = 1.
This computation means that (ex) !t =e2, Combining that fact with the law of exponents
gives

(e*)' = e"* foralln € Z.

A yet more complicated consequence is that we can compute the power series for the
exponential at any point a € C:

= ii—j(z—a)k.

k=0

11.4.2 Trigonometric functions and 7

We can now finally define sine and cosine by the equation
e+ = e¥(cos(y) + i sin(y)).

In fact, we define sine and cosine for all complex z:

iz + e—iz iz e—iz
cos(z) i = ——— and sin(z) = ———
()= ()=

Let us use our definition to prove common properties of sine and cosine. In the process,
we also define the number 7.

Proposition 11.4.2. The sine and cosine functions have the following properties:
(i) Forall z € C, ‘
e'” = cos(z) + isin(z) (Euler’s formula).
(ii) cos(0) =1, sin(0) =
(iti) Forall z € C,
cos(—z) = cos(z), sin(—z) = —sin(z).
(iv) Forallz € C,

cos(z) = Z((zg' , sin(z) = Z(Z(k 1)1)' 2kt
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(v) Forall x € R . .
cos(x) = Re(e") and sin(x) = Im(e").

(vi) Forall z € C,

(cos(z))2 + (sin(z))2 =1.

(vii) Forallx € R,
|sin(x)| <1, |cos(x)| < 1.

(viii) Forall x € R,

%[cos(x)] = —sin(x)  and %[Sin(")] = cos(x).

(ix) Forall x >0,
sin(x) < x.

(x) There exists an x > 0 such that cos(x) = 0. We define

7t := 2 inf{x > 0: cos(x) = 0}.

(xi) Forall z € C, . .
eZm =1 and ez+12n = ¢Z.

(xii) Sine and cosine are 2m-periodic and not periodic with any smaller period. That is, 27 is the
smallest number such that for all z € C,

sin(z + 2m) = sin(z) and cos(z + 2m) = cos(z).

xiii) The function x v« e' is a bijective map from [0, 21) onto the set of z € C such that |z| = 1.
] p

The proposition immediately implies that sin(x) and cos(x) are real whenever x is real.

Proof. The first three items follow directly from the definition. The computation of the
power series for both is left as an exercise. As complex conjugate is a continuous function,
the definition of e? implies e? = e*. If x is real,

ix = g7i¥,

—ix ix ix
et —el*

Thus for real x, cos(x) = eix"ze =£55 = Re(e'¥) and similarly sin(x) = Im(e’¥).
For real x, we compute

1=el¥e™™ = g pix = |2 = |cos(x) + isin(x)|2 = (cos(x))2 + (sin(x))z.

A slightly more complicated computation shows this fact for complex numbers, see
Exercise 11.4.6. In particular, is e'* is unimodular for real x; the values lie on the unit circle.
A square of a real number is always nonnegative:

(sin(x))2 =1- (cos(x))2 <1
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So [sin(x)| < 1 and similarly |cos(x)| < 1.
We leave the computation of the derivatives to the reader as exercises. Let us prove that
sin(x) < x for x > 0. Consider f(x) := x — sin(x) and differentiate:

f'(x) = % [x - sin(x)] =1-cos(x) >0,

for all x € R as |cos(x)| < 1. In other words, f is increasing and f(0) = 0. So f must be
nonnegative when x > 0 and hence, sin(x) > x.

Next, we claim there exists a positive x such that cos(x) = 0. As cos(0) =1 > 0,
cos(x) > 0 for x near 0. Namely, there is some y > 0, such that cos(x) > 0 on [0, y). Then
sin(x) is strictly increasing on [0, y). As sin(0) = 0, then sin(x) > 0 for x € (0, y). Take
a € (0, y). By the mean value theorem, thereis a ¢ € (a, y) such that

2 > cos(a) — cos(y) = sin(c)(y — a) > sin(a)(y — a).

Asa € (0,y), then sin(a) > 0 and so

+a.
sin(a)

y <

Hence there is some largest y such that cos(x) > 01in [0, y), and let y be the largest such
number. By continuity, cos(y) = 0. In fact, y is the smallest positive y such that cos(y) = 0.
As mentioned, 7 is defined to be 2y.

As cos(m/2) = 0, then (sin(ﬂ/z))z = 1. As sin is positive on (0, 7/2), we have sin(7/2) = 1.
Hence,

ein/Z =i,
and by the law of exponents,
el = -1, ei2n =1
So 2™ = 1 = ¢°. The law of exponents also says
ez+1’2n — ezei2n = ¢?

for all z € C. Immediately, we also obtain cos(z + 27) = cos(z) and sin(z + 27) = sin(z). So
sin and cos are 27mt-periodic.

We claim that sin and cos are not periodic with a smaller period. It would suffice to
show that if e’ = 1 for the smallest positive x, then x = 27. Let x be the smallest positive x
such that e’ = 1. Of course, x < 27. By the law of exponents,

(e =1.
If ei*/* = g + ib, then

(a +ib)* = a* — 6a%b* + b* + i(4ab(a® - b)) = 1.



11.4. COMPLEX EXPONENTIAL AND TRIGONOMETRIC FUNCTIONS 167

Then either a = 0 or a? = b?. As */4 < 7/2, then a = cos(¥*/4) > 0 and b = sin(¥/4) > 0. If
a? = b?, then a* — 6a%b? + b* = —4a* < 0 and in particular not equal to 1. Therefore a = 0,
in which case ¥/4 = /2. Hence 27 is the smallest period we could choose for e'* and so also
for cos and sin.

Finally, we wish to show that e'* is one-to-one and onto from the set [0, 277) to the set of
z € C such that |z| = 1. Suppose e’* = ¢ and x > y. Then ¢/*~¥) = 1, meaning x — y is a
multiple of 27t and hence only one of them can live in [0, 27t). To show onto, pick (a,b) € R?
such that a2 + b2 = 1. Suppose first that a2, b > 0. By the intermediate value theorem, there
must exist an x € [0, 7/2] such that cos(x) = a, and hence b? = (sin(x))z. As b and sin(x)
are nonnegative, b = sin(x). Since — sin(x) is the derivative of cos(x) and cos(—x) = cos(x),
then sin(x) < O for x € [-7/2,0). Using the same reasoning, we obtain that if 2 > 0 and
b <0, we can find an x in [-7/2,0), and by periodicity, x € [37/2, 27t) such that cos(x) = a
and sin(x) = b. Multiplying by —1 is the same as multiplying by '™ or e~'". So we can
always assume that a > 0 (details are left as exercise). O

11.4.3 The unit circle and polar coordinates

The arclength of a curve parametrized by y: [a,b] — C is given by

b
/ ()] dt.

We have that e’* parametrizes the circle for ¢ in [0,2m). As 4 (e*) = ie, the circumference
of the circle (the arclength) is

21 ‘ 21
/ |z'e”|alt=/ 1dt = 2n.
0 0

More generally, e’ parametrizes the circle by arclength. That is, t measures the arclength
on a circle of radius 1 by the angle in radians. So the definitions of sin and cos given above
agree with the standard geometric definitions.

All the points on the unit circle can be achieved by e'* for some t. Therefore, we can
write a complex number z € C (in so-called polar coordinates) as

z=re'
for some r > 0 and 6 € R. The 0 is, of course, not unique as 0 or 0 + 2n gives the same

number. The law of exponents e“*? = ¢%?’ leads to a useful formula for powers and
products of complex numbers in polar coordinates:

(re'?)" = e, (re'®)(se') = rsel@*7).
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11.4.4 Exercises

Exercise 11.4.1: Derive the power series for sin(z) and cos(z) at the origin.

Exercise 11.4.2: Using the power series, show that for real x, we have % [sin(x)] = cos(x) and % [cos(x)] =
—sin(x).

Exercise 11.4.3: Finish the proof of the arqument that x — e'* from [0,2m) is onto the unit circle. In
particular, assume that we get all points of the form (a,b) where a> + b> = 1 and a > 0. By multiplying by
e'™ or ™™, show that we get everything, that is, even points where a < 0.

Exercise 11.4.4: Show that the exponential is onto C \ {0}, and in fact, that for every nonzero w, there are
infinitely many z € C such that e* = w.

Exercise 11.4.5: Prove that for every w # 0 and every € > 0, there exists a z € C with |z| < € such that
1/z _
er =w.

Exercise 11.4.6: We showed (cos(x))2 + (sin(x))2 =1 forall x € R. Prove that (cos(z))2 + (sin(z))2 =1
forall z € C.

Exercise 11.4.7: Prove the trigonometric identities sin(z + w) = sin(z)cos(w) + cos(z) sin(w) and
cos(z + w) = cos(z) cos(w) — sin(z) sin(w) for all z, w € C.
Exercise 11.4.8: Define sinc(z) = %(Z) for z # 0 and sinc(0) := 1. Show that sinc is analytic and compute

its power series at zero.

Define the hyperbolic sine and hyperbolic cosine by

Z_ .-z Z4 ez
¢ 26 , cosh(z) . 26

Exercise 11.4.9: Derive the power series at the origin for the hyperbolic sine and cosine.

Exercise 11.4.10: Show

a) sinh(0) = 0, cosh(0) = 1.

b) Forx € R, % [sinh(x)] = cosh(x) and % [cosh(x)] = sinh(x).

c) cosh(x) > 0 forall x € R and show that sinh(x) is strictly increasing and bijective from R to R.
d) (Cosh(x))2 =1+ (sinh(x))zfor all x.

Exercise 11.4.11: Define tan(x) := ((f(; as usual.

a) Show that for x € (-7/2,7/2) both sin and tan are strictly increasing, and hence sin~! and tan! exist
when we restrict to that interval.

sinh(z) =

sin
cos

-1 -1 ; ; d qim=1(y) — 1 d opan—1(y) — _1
b) Show that sin™" and tan™" are differentiable and that 7 sin™" (x) = e and 7= tan™"(x) = el

c) Using the finite geometric sum formula show

X 1 & (_1)k
1) — _ 2k+1
tan (x)—/O 1+tsdt— T *
k=0

converges for all =1 < x <1 (including the end points). Hint: Integrate the finite sum, not the series.

d) Use this to show that

1 1 > (- 7w
locdz—ee= =,
3'5 kZOZk+1 1
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11.5 Maximum principle and the fundamental theorem of
algebra

Note: half a lecture, optional

In this section we study the local behavior of polynomials, and analytic functions in
general, and the growth of polynomials as z goes to infinity. As an application we prove
the fundamental theorem of algebra: Any nonconstant polynomial has a complex root.

Lemma 11.5.1. Let € > 0, let p(z) be a nonconstant complex polynomial, or more generally a
nonconstant power series converging in B(zo, €), and suppose p(zo) # 0. Then there exists a
w € B(zo, €) such that |p(w)| < |p(zo)|.

Proof. We prove this lemma for a polynomial and leave the general case as Exercise 11.5.1.
Without loss of generality assume that zg = 0 and p(0) = 1. Write

k+1 d

p(z):1+akzk+ak+1z + -+ ayz%,

where a; # 0. Pick t such that aze’™ = —|ay|, which we can do by the discussion on
trigonometric functions. Suppose r > 0 is small enough such that 1 — 7¥|a| > 0. We have

ikt dt

p(re’t) =1 —r¥lag| + r**lag e o rage!

So
|p(1,eit)| _ ‘rk+1ak+1ei(k+l)t - rdadeidt| < ‘p(reit) B PP Las R PN
= |1 - rk|ak|| =1—r¥ay|.
In other words,

i)t L g a0

[pre™)| < 1= (laxl = 7 |asne

For small enough r, the expression in the parentheses is positive as |ax| > 0. Hence,

lp(re’)| < 1 =p(0). 0

What the lemma says is that the only minima the modulus of analytic functions has
are precisely at the zeros. It is sometimes called the minimum modulus principle. If f is
analytic and nonzero at a point, then 1/ is analytic near that point. Applying the lemma
and the identity theorem, one obtains the maximum modulus principle, or sometimes just the
maximum principle.

Theorem 11.5.2 (Maximum modulus principle). If U C C is open and connected, f: U — C
is analytic, and | f(z)| attains a relative maximum at zo € U, then f is constant.

The details of the proof is left as Exercise 11.5.2.



170 CHAPTER 11. FUNCTIONS AS LIMITS

Remark 11.5.3. The lemma (and the maximum principle) does not hold if we restrict to the
real numbers. For example, x2 + 1 has a minimum at x = 0, but no zero there. There is a w
arbitrarily close to 0 such that |w? + 1| < 1, but this w is necessarily not real. Letting w = ie
for small € > 0 works.

The moral of the story is that if p(0) = 1, then very close to 0, the series (or polynomial)
looks like 1 + az¥, and 1 + az* has no minimum at the origin. All the higher powers of z
are too small to make a difference. For polynomials, we find similar behavior at infinity.

Lemma 11.5.4. Let p(z) be a nonconstant complex polynomial. Then for an M > 0, there exists
an R > 0 such that |p(z)| > M whenever |z| > R.

Proof. Write p(z) = ag + a1z + -+ + a4z% and suppose that d > 1 and a4 # 0. Suppose
|z| > R (so also |z|~* < R™1). We estimate:

Ip(2)| = |aaz?| - lao| — |a1z| — -+ — |ag_1z"7Y]
= |z|*(|ad| = laol |27 = |a1] |z = -+ = |ag-1] |2 Y)
> R?(lag| - |ag|R™ = |a1|RY™ — -+ — |ag_4|R 7).

Then the expression in parentheses is eventually positive for large enough R. In particular,

for large enough R we get that this expression is greater than |az—d|, and so

p(a)] 2 R1%

Therefore, we can pick R large enough to be bigger than a given M. m|

This second lemma does not generalize to analytic functions, even those defined on the
entire plane C. The function cos(z) is a counterexample. We had to look at the term with
the largest degree, and we only have such a term for a polynomial. In fact, something that
we will not prove is that an analytic function defined on all of C satisfying the conclusion
of the lemma must be a polynomial.

The moral of the story here is that for very large |z| (far away from the origin) a
polynomial of degree d really looks like a constant multiple of z*.

Theorem 11.5.5 (Fundamental theorem of algebra). Let p(z) be a nonconstant complex
polynomial, then there exists a zg € C such that p(zo) = 0.

Proof. Let u = inf{|p(z)| 1z € C}. Find an R such that for all z with |z| > R, we
have |p(z)| > u + 1. Therefore, every z with |p(z)| close to u must be in the closed ball
C(O,R) = {z eC:|z| < R}. As |p(z)| is a continuous real-valued function, it achieves its
minimum on the compact set C(0, R) (closed and bounded) and this minimum must be pu.
So thereis a zg € C(0, R) such that |p(zo)| = u. As that is a minimum of |p(z)| on C, then
by the first lemma above, we have |p(zo)| = 0. O

The fundamental theorem also does not generalize to analytic functions. The exponential
e” is an analytic function on C with no zeros.
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11.5.1 Exercises

Exercise 11.5.1: Prove Lemma 11.5.1 for an analytic function. That is, suppose that p(z) is a nonconstant
power series converging in B(zo, €).

Exercise 11.5.2: Use Lemma 11.5.1 for analytic functions to prove Theorem 11.5.2.

Exercise 11.5.3: Let U C C be open and zo € U. Suppose f: U — C is analytic and f(zo) = 0. Show that
there exists an € > 0 such that either f(z) # 0 forall z with 0 < |z| < € or f(z) = 0 forall z € B(zo, €). In
other words, zeros of analytic functions are isolated. Of course, same holds for polynomials.

A rational function is a function f(z) = % where p and g are polynomials and g is not identically
zero. A point zg € C where f(z9) = 0 (and therefore p(zg) = 0) is called a zero. A point zg € C is
called an singularity of f if q(zg) = 0. As all zeros are isolated and so all singularities of rational
functions are isolated and so are called an isolated singularity. An isolated singularity is called
removable if lim,, -, f(z) exists. An isolated singularity is called a pole if lim,,,,,|f (z)| = co. We say
f has pole at oo if

lim [ f(z)[ = eo,
Z—00
that is, if for every M > 0 there exists an R > 0 such that |f(z)| > M for all z with |z]| > R.

Exercise 11.5.4: Show that a rational function which is not identically zero has at most finitely many zeros
and singularities. In fact, show that if p is a polynomial of degree n > O it has at most n zeros.
Hint: If zq is a zero of p, then without loss of generality assume zo = 0. Then use induction.

p(2)

Exercise 11.5.5: Prove that if zg is a removable singularity of a rational function f(z) = oL then there
exist polynomials p and q such that q(zo) # 0 and f(z) = %.

Hint: Without loss of generality assume zy = 0.

Exercise 11.5.6: Given a rational function f with an isolated singularity at zo, show that zq is either
removable or a pole.
Hint: See the previous exercise.

Exercise 11.5.7: Let f be a rational function and S C C is the set of the singularities of f. Prove that f is
equal to a polynomial on C \ S if and only if f has a pole at infinity and all the singularities are removable.
Hint: See previous exercises.
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11.6 Equicontinuity and the Arzela—Ascoli theorem

Note: 2 lectures

We would like an analogue of Bolzano—Weierstrass. Something to the tune of “every
bounded sequence of functions (with some property) has a convergent subsequence.”
Matters are not as simple even for continuous functions. Not every bounded sequence in
the metric space C([0, 1], R) has a convergent subsequence.

Definition 11.6.1. Let X be a set. Let f,,: X — C be functions in a sequence. We say that
{fn}> is pointwise bounded if for every x € X, there is an My € R such that

| fu(x)] < My forall n € N.
We say that {f,,})_; is uniformly bounded if there is an M € R such that

|fu(x)| <M foralln e Nand all x € X.

If X is a compact metric space, then a sequence in C(X, C) is uniformly bounded if it is
bounded as a set in the metric space C(X, C) using the uniform norm.

Example 11.6.2: There exist sequences of continuous functions on [0, 1] that are uniformly
bounded but contain no subsequence converging even pointwise. Let us state without
proof that f,(x) := sin(2ntnx) is one such sequence. Below we will show that there must
always exist a subsequence converging at countably many points, but [0, 1] is uncountable.

Example 11.6.3: The sequence f,(x) := x" of continuous functions on [0, 1] is uniformly
bounded, but contains no subsequence that converges uniformly, although the sequence
converges pointwise (to a discontinuous function).

Example 11.6.4: The sequence {f,}°; of functions in C([0, 1], R) given by f,(x) := .

1+n4x?
converges pointwise to the zero function (obvious at x = 0, and for x > 0, we have
I :’;j‘xZ < nl—x). As for each x, {fy(x)}>_ | converges to 0, it is bounded so {f,} ", is pointwise
bounded.

Via calculus, we find that the maximum of f,, on [0, 1] occurs at the critical point x = 1/n?:

| fullpo,1) = fu (Vn2) = 7/2.
So limy, el| full[0,1] = 00, and this sequence is not uniformly bounded.

When the domain is countable, we can locate a subsequence converging at least
pointwise. The proof uses a very common and useful diagonal argument.

Proposition 11.6.5. Let X be a countable set and f,,: X — C give a pointwise bounded sequence
of functions. Then {f,},_, has a subsequence that converges pointwise.
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Proof. Let x1,x2,x3, ... be an enumeration of the elements of X. The sequence {f,(x1)}_,
is bounded and hence we have a subsequence of {f,}_;, which we denote by {f1 x}} ,,
such that {f1 k(x1)};7, converges. Next {f1(x2)};?, is bounded and so {fix};>, has a
subsequence {fpx},>, such that {f, k(x2)};7, converges. Note that {f;x(x1)};7, is still
convergent.

In general, we have a sequence { fm,k}];“’:l, which is a subsequence of { fm—l,k};ozl, such
that {f k(xj)};., converges for j = 1,2,...,m. We let {fu+1,k}}-, be a subsequence
of {fi}r, such that {f+1,k(xm+1)};., converges (and hence it converges for all x; for
j=1,2,...,m+1). Rinse and repeat.

If X is finite, we are done as the process stops at some point. If X is countably infinite,
we pick the sequence {fi «};- - This is a subsequence of the original sequence {f, }, ;. For
every m, the tail {fi r};.  is a subsequence of {fy k}., and hence for any m the sequence

{fex(xm)};2, converges. N

For larger than countable sets, we need the functions of the sequence to be related.
When we look at continuous functions, the concept we need is equicontinuity.

Definition 11.6.6. Let (X, d) be a metric space. A set S of functions f: X — C is uniformly
equicontinuous if for every € > 0, there is a 6 > 0 such that if x, y € X with d(x, y) < 6, we
have

|f(x)- f(y)| <e  forall f €S.

Notice that functions in a uniformly equicontinuous sequence are all uniformly contin-
uous. It is not hard to show that a finite set of uniformly continuous functions is uniformly
equicontinuous. The definition is really interesting if S is infinite.

Just as for continuity, one can define equicontinuity at a point. Thatis, S is equicontinuous
at x € X if for every € > 0, there is a 0 > 0 such that for y € X with d(x, y) < 6, we have
|f(x) = f(y)| < eforall f € S. We will only deal with compact X here, and one can prove
(exercise) that for a compact metric space X, if S is equicontinuous at every x € X, then it
is uniformly equicontinuous. For simplicity we stick to uniform equicontinuity.

Proposition 11.6.7. Suppose (X, d) is a compact metric space, f, € C(X,C), and {fy}_,
converges uniformly, then { f,}',_, is uniformly equicontinuous.

Proof. Let € > 0 be given. As { j"n};":l converges uniformly, there is an N € N such that for
alln > N
|fu(x) = fn(x)] <€¢/3  forallx € X.

As X is compact, every continuous function is uniformly continuous. So {fi, f2,..., fn} is
a finite set of uniformly continuous functions. And so, as we mentioned above, the set is
uniformly equicontinuous. Hence there is a 6 > 0 such that

Ifi(x) = fiy)l <¢fs<e

whenever d(x,y) < dand 1 <j < N.
Take n > N. For d(x, y) < 6, we have

[fu(x) = fu@I < | fu(x) = O]+ [ () = N+ Ifn(y) — fu()] < €3+ €3 +¢/3=€. DO
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Proposition 11.6.8. A compact metric space (X, d) contains a countable dense subset, that is,
there exists a countable D C X such that D = X.

Proof. For each n € N there are finitely many balls of radius 1/» that cover X (as X is
compact). That is, for every n, there exists a finite set of points x,, 1, X, 2, . . ., X5 k, such that

ky
X = U B(xn,]', 1/n)

=1

Let D := U, 1{xn1,Xn2,...,Xnk,}- The set D is countable as it is a countable union of
finite sets. For every x € X and every € > 0, there exists an n such that 1/» < € and an
xy,j € D such that

x € B(xy,j,1/n) C B(xy,j, €).

Hence x € 5, soD = X, and D is dense. O

We are now ready for the main result of this section, the Arzela—Ascoli theorem* about
existence of convergent subsequences.

Theorem 11.6.9 (Arzela—-Ascoli). Let (X, d) be a compact metric space, and let {f,})_, be
pointwise bounded and uniformly equicontinuous sequence of functions f, € C(X,C). Then
{fu};_; is uniformly bounded and {f, } ", contains a uniformly convergent subsequence.

Basically, a uniformly equicontinuous sequence in the metric space C(X, C) that is
pointwise bounded is bounded (in C(X,C)) and furthermore contains a convergent
subsequence in C(X, C).

As we mentioned before, as X is compact, it is enough to just assume that {f,}>_, is
equicontinuous as uniform equicontinuity is automatic via an exercise.

Proof. We first show that the sequence is uniformly bounded. By uniform equicontinuity,
thereisa 6 > Osuch thatforall x € X and all n € N,

B(x,0) € f; 1 (B(fa(x),1)).
The space X is compact, so there exist x1, x2, ..., xi such that
k
X = U B(xj, ).
j=1
As {fn ZO=1 is pointwise bounded there exist M1, My, ..., My such thatforj =1,2,...,k,

|fu(xj)l <M;  foralln.

*Named after the Italian mathematicians Cesare Arzela (1847-1912), and Giulio Ascoli (1843-1896).


https://en.wikipedia.org/wiki/Cesare_Arzel%C3%A0
https://en.wikipedia.org/wiki/Giulio_Ascoli
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Let M := 1+ max{Mi, My, ..., My}. Given any x € X, there is a j such that x € B(x;, 0).
Therefore, for all 1, we have x € f;1(B(fu(x/), 1)), or in other words

() = fulxj)] < 1.
By the reverse triangle inequality,
|fn(x)| <1+ |fn(x]-)| <1+ M]' < M.

As x was arbitrary, {f,})’_; is uniformly bounded.

Next, pick a countable dense subset D C X. By Proposition 11.6.5, we find a subsequence
{fu; ]?";1 that converges pointwise on D. Write g; = f,; for simplicity. The sequence {g,}," ;
is uniformly equicontinuous. Let € > 0 be given, then there exists a 6 > 0 such that for all
x € Xandalln € N,

B(x,6) C ;" (B(8u(x),/3)).

By density of D and because 6 is fixed, every x € X is in B(y, 0) for some y € D. By
compactness of X, there is a finite subset {x1, x2, ..., xx} € D such that

k
X = U B(x;, 6).
j=1

As {x1,x2,...,x} is a finite set and {g, }Zo=1 converges pointwise on D, there exists a single
N such that forall n,m > N,

|90 (xj) = gm(x;)| < ¢/3 forallj=1,2,...,k.
Let x € X be arbitrary. There is some j such that x € B(x,0) and so for all £ € N,
|8e(x) — ge(xj)| < €¢/3.
Soforn,m > N,

|1 (x) = gm ()] < |gn(x) = gn(x))| + 18n(x) — gm(xj)| + |gm(xj) — gm(x)]
<€f3+e€/3+€3=¢.

Hence, {gx},_, is uniformly Cauchy. By completeness of C, it is uniformly convergent. O

Corollary 11.6.10. Let (X, d) be a compact metric space. Let S C C(X, C) be a closed, bounded
and uniformly equicontinuous set. Then S is compact.

The theorem says that S is sequentially compact and that means compact in a metric
space. Recall that the closed unit ball in C([0, 1], R), and therefore also in C([0, 1], C), is
not compact. Hence it cannot be a uniformly equicontinuous set.

Corollary 11.6.11. Suppose {fu}"_; is a sequence of differentiable functions on [a,b], {fs} ",
is uniformly bounded, and there is an xg € [a, b] such that {f,(xo)})_, is bounded. Then there
exists a uniformly convergent subsequence { f,, ]?";1.
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o

Proof. The trick is to use the mean value theorem. If M is the uniform bound on {f;} " ;,

then by the mean value theorem for every n

|fu(x) = fu(y)| < Ml|x —y| forall x,y € X.

All the f, are Lipschitz with the same constant and hence the sequence is uniformly
equicontinuous.
Suppose |f.(x0)| < My for all n. For all x € [a,b],

|fn (O] < [fu(xo) + | fu(x) = fulxo)| < Mo + M|x — xo| < Mo + M(b — a).
So {fu},_, is uniformly bounded. We apply Arzela—Ascoli to find the subsequence. O

A classic application of the corollary above to Arzela—Ascoli in the theory of differential
equations is to prove the Peano existence theorem, that is, the existence of solutions to
ordinary differential equations. See Exercise 11.6.11 below.

Another application of Arzela—Ascoli using the same idea as the corollary above is the
following. Take a continuous k: [0,1] X [0,1] — C. For every f € C([0,1], C) define

1
T(f)(x) ::/0 F(t) k(x,t)dt.

In exercises to earlier sections you have shown that T is a linear operator on C ([0, 1], C).
Via Arzela—-Ascoli, we also find (exercise) that the image of the unit ball of functions

T(B(0,1)) = {Tf € C([0,1],C) : lIflljo1) < 1}

has compact closure, usually called relatively compact. Such an operator is called a compact
operator. And they are very useful. Generally operators defined by integration tend to be
compact.

11.6.1 Exercises

Exercise 11.6.1: Let f,: [-1,1] — R be given by f,(x) .= —=—. Prove that the sequence is uniformly

1+(nx)?’
bounded, converges pointwise to 0, yet there is no subsequence that converges uniformly. Which hypothesis of

Arzela—Ascoli is not satisfied? Prove your assertion.

Exercise 11.6.2: Define f,: R — R by f,(x) = (x—nl)2+1' Prove that this sequence is uniformly bounded,
uniformly equicontinuous, the sequence converges pointwise to zero, yet there is no subsequence that converges

uniformly. Which hypothesis of Arzeld—Ascoli is not satisfied? Prove your assertion.

Exercise 11.6.3: Let (X, d) be a compact metric space, C > 0,0 < a < 1, and suppose f,: X — C are
functions such as | f(x) — fu(y)| < Cd(x,y)" forall x,y € X and n € N. Suppose also that there is a point
p € X such that f,(p) = 0 for all n. Show that there exists a uniformly convergent subsequence converging
toan f: X — C that also satisfies f(p) = 0 and |f(x) — f(y)| < Cd(x, y)".
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Exercise 11.6.4: Let T: C([0,1],C) — C([0, 1], C) be the operator given by

T(f)(x) = /Oxf(t)dt.

(That T is linear and that T f is continuous follows from linearity of the integral and the fundamental theorem
of calculus.)

a) Show that T takes the unit ball centered at 0 in C([0,1], C) into a relatively compact set (a set with
compact closure). That is, T is a compact operator.
Hint: See Exercise 7.4.20 in volume I.

b) Let C c C([0,1],C) the closed unit ball, prove that the image T(C) is not closed (though it is relatively
compact).

Exercise 11.6.5: Given k € C([0,1] x [0, 1], C), define the operator T: C([0,1],C) — C([0, 1], C) by

1
T(f)(x) ::/0 f(t) k(x, t)dt.

Show that T takes the unit ball centered at 0 in C ([0, 1], C) into a relatively compact set (a set with compact
closure). That is, T is a compact operator.

Hint: See Exercise 7.4.20 in volume I.

Note: That T is a well-defined linear operator was proved in Exercise 8.1.6.

Exercise 11.6.6: Suppose S' C C is the unit circle, that is the set where |z| = 1. Suppose the continuous
functions f,: S' — C are uniformly bounded. Let y: [0,1] — S! be a parametrization of S, and g(z, w)
a continuous function on C(0,1) X S (here C(0,1) C C is the closed unit ball). Define the functions
F,: C(0,1) — C by the path integral (see §9.2)

Fu(e)i= [ ) gtz w)ds()
V4

Show that {F}}"_, has a uniformly convergent subsequence.

Exercise 11.6.7: Suppose (X, d) is a compact metric space, { f },_, a uniformly equicontinuous sequence of
functions in C(X, C). Suppose {f,}_, converges pointwise. Show that it converges uniformly.

Exercise 11.6.8: Suppose that {f,} | is a uniformly equicontinuous uniformly bounded sequence of
2mn-periodic functions f,: R — R. Show that there is a uniformly convergent subsequence.

Exercise 11.6.9: Show that for a compact metric space X, a sequence {fu }},_, that is equicontinuous at every
x € X is uniformly equicontinuous.

Exercise 11.6.10: Define f,,: [0,1] — C by f,(t) := e’®™*") which gives a uniformly equicontinuous
uniformly bounded sequence. Prove a stronger conclusion than that of Arzela—Ascoli for this sequence. Let
y € R be given, and define g(t) = e'®™*). Show that there exists a subsequence of { f, o, converging
uniformly to g.

Hint: Feel free to use the Kronecker density theorem*: The sequence {e'" o> | is dense in the unit circle.

*Named after the German mathematician Leopold Kronecker (1823-1891).


https://en.wikipedia.org/wiki/Leopold_Kronecker
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Exercise 11.6.11: Prove the Peano existence theorem (note the weaker hypotheses than Picard, but also the
lack of uniqueness in this theorem):

Theorem: Suppose F: [ X ] — R is a continuous function where I, ] C R are closed bounded
intervals, let I° and J° be their interiors, and let (xo, yo) € I° X J°. Then there existsan 1 > 0 and a
differentiable function f: [xo — h, xo + h] — ] C R, such that

f'(x) = F(x, f(x)) and  f(x0) = yo.

Use the following outline:
a) We wish to define the Picard iterates, that is, set fo(x) = yo, and

fua) =0+ [ Flt S0 ar

X0

Prove that there exists an h > 0 such that f,,: [xo — h, xo + h] — C is well-defined for all n. Hint: F is
bounded (why?).

b) Show that {f,}_; is equicontinuous and bounded, in fact it is Lipschitz with a uniform Lipschitz
constant. Arzeld—Ascoli then says that there exists a uniformly convergent subsequence { fu, }7- ;-

¢) Prove {F(x, fnk(x))}ZO:1 converges uniformly on [xo — h, xo + h]. Hint: F is uniformly continuous
(why?).

d) Finish the proof of the theorem by taking the limit under the integral and applying the fundamental
theorem of calculus.
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11.7 The Stone—Weierstrass theorem

Note: 3 lectures

11.7.1 Weierstrass approximation

Perhaps surprisingly, even a very badly behaved continuous function is a uniform limit
of polynomials. We cannot really get any “nicer” functions than polynomials. The idea
of the proof is a very common approximation or “smoothing” idea (convolution with an
approximate delta function) that has applications far beyond pure mathematics.

Theorem 11.7.1 (Weierstrass approximation theorem). If f: [a,b] — C is continuous, then
there exists a sequence {p, } | of polynomials converging to f uniformly on [a,b]. Furthermore,
if f is real-valued, we can find p, with real coefficients.

Proof. For x € [0, 1], define

g(x) = f((b—a)x+a) - fa) - x(f(b) - f(a).

If we prove the theorem for ¢ and find the sequence {p,} _, for g, it is proved for f as we
simply composed with an invertible affine function and added an affine function to f: We
reverse the process and apply that to our p,, to obtain polynomials approximating f. The
function g is defined on [0, 1] and g(0) = g(1) = 0. For simplicity, assume that g is defined
on R by letting g(x) := 0if x < 0 or x > 1. This extended g is continuous.

Define

1 -1
Cp = (/_1 (1-x%)" dx) , gu(x) = cu(1 = x3)",

The choice of ¢, is so that /_11 gn(x)dx = 1. See Figure 11.8.

Figure 11.8: Plot of the approximate delta functions g, on [-1,1] for n = 5,10, 15,20, ..., 100
with higher 7 in lighter shade.
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The functions g, are peaks around 0 (ignoring what happens outside of [-1, 1]) that
get narrower and taller as n increases, while the area underneath is always 1. A classic
approximation idea is to do a convolution integral with peaks like this: For for x € [0, 1], let

1 1)
pu(x) = /O (O — 1) dt (: / o(an(x - D dt).

The idea of this convolution is that we do a “weighted average” of the function g around
the point x using g, as the weight. See Figure 11.9.

1_

0 f
AVAR [
i . 05 1

Figure 11.9: For x = 0.3, the plot of g100(x — t) (light gray peak centered at x), some continuous
function g(t) (the jagged line) and the product g(t)g100(x — ) (the bold line).

As g, is a narrow peak, the integral mostly sees the values of g that are close to x and
it does the weighted average of them. When the peak gets narrower, we compute this
average closer to x and we expect the result to get closer to the value of g(x). Really, we are
approximating what is called a delta function* (don’t worry if you have not heard of this
concept), and functions like g,, are often called approximate delta functions. We could do
this with any set of polynomials that look like narrower and narrower peaks near zero.
These just happen to be the simplest ones. We only need this behavior on [-1, 1] as the
convolution sees nothing further than this as g is zero outside [0, 1].

Because g, is a polynomial, we write

QH(x —t) =ao(t) +ay(t) x + -+ ax,(t) x2n,

where ay(t) are polynomials in t, and hence integrable functions. So

1
pn(X)=/O g(t)qu(x —t)dt

1 1 1
= (/0 g(t)ap(t) dt) + (/0 g(t)aq(t) dt) X4+ (/0 g(t)aZn(t)dt) X2,

*The delta function is not actually a function, it is a “thing” that should give “ f_ o:o gt)o(x —t)dt = g(x).”




11.7. THE STONE-WEIERSTRASS THEOREM 181

In other words, p, is a polynomial® in x. If ¢(t) is real-valued, then the functions g()a;(t)
are real-valued and p,, has real coefficients, proving the “furthermore” part of the theorem.

We still need to prove that {p,}~ , converges to g¢. We start with estimating the size
of ¢,,. For x € [0,1], we have that 1 — x < 1 — x2. We estimate

1 1
c,f:/ (1—x2)ndx:2/ (1-x2)"dx
-1 0
2

1
> 2 1-x)"dx = )
- /0( x)" dx n+1

So ¢y < 1 < n. Let us see how small g, is if we ignore some small interval around
the origin, where the peak is. Given any 6 > 0, 6 < 1, we have that for all x such that
0<|x| <1,

gn(x) < c,(1-6%" <n(1-6%",

because g, is increasing on [-1, 0] and decreasing on [0, 1]. By the ratio test, n(1 — 62)"
goes to 0 as n goes to infinity.
The function g, is even, q,(t) = g,(—t), and g is zero outside of [0, 1]. So for x € [0, 1],

1 1-x 1
pn(x) = /0 gB)gn(x —t)dt = /_ gx +1t)gu(—t)dt = [1 g(x +1)g,(t)dt.

X

Let € > 0 be given. As [-1, 2] is compact and g is continuous on [-1, 2], we have that g is
uniformly continuous. Pick 0 < 6 < 1 such thatif [x — y| < 6 (and x, y € [-1,2]), then

€
l8(x) —gW)l < 5.
Let M be such that |g(x)| < M for all x. Let N be such that foralln > N,
AMn(1 - 6?)" < %
Note that f_ll gn(t)dt =1and g,(t) > 0on [-1,1]. So for n > N and every x € [0, 1],
1 1
pa(x) - ()] = ‘ [ s omd =g [ %(t)dt'
1
| [ (st 0= snanna
1
< [ lgtr+ - glga(a
-5 0
= /1 |g(x +t) — g(x)|ga(t)dt + /5 |g(x +t) — g(x)|gn(t)dt

1
+/5 |g(x +t) — g(x)|gn(t)dt

“Do note that the functions a; depend on 7, so the coefficients of p,, change as n changes.
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-5 ) 1
<2M / an(t)dt  + g / g.(t)dt + 2M / gu(t) dt
-1 -6 0

<2Mn(1-6%)"1-6) + g + 2Mn(1 = 83" (1= o)

< 4Mn(1 - 8%)" +§< €. O

A convolution often inherits some property of the functions we are convolving. In our
case the convolution p, inherited the property of being a polynomial from g,,. The same
idea of the proof is often used to get other properties. If g, or g is infinitely differentiable,
so is py. If g, or g is a solution to a linear differential equation, so is p,. Etc.

Let us note an immediate application of the Weierstrass theorem. We have already seen
that countable dense subsets can be very useful.

Corollary 11.7.2. The metric spaces C([a,b], R) and C([a, b], C) each contain a countable dense
subset.

Proof. Without loss of generality, consider only C([a,b], R) (why?). Real polynomials
are dense in C([a,b], R) by Weierstrass. If we show that every real polynomial can be
approximated by polynomials with rational coefficients, we are done. Indeed, there are
only countably many rational numbers and so there are only countably many polynomials
with rational coefficients (a countable union of countable sets is countable).

Further without loss of generality, suppose [a,b] = [0, 1]. Let

n

p(x) = Z ag x*

k=0
be a polynomial of degree n where a;y € R. Given € > 0, pick by € Q such that

|ay — bx| < =%=. Then if we let
n
q(x) = Z b xF,
k=0

n+l-

we have

n

n n
€
SZa—b kaZa—b <Z = €. m|
lax — byl |ak — byl 1

k=0

lp(x) — g(x)| =

Z(ﬂk — by)xF
=0

Remark 11.7.3. While we will not prove so, the corollary above implies that C ([a, b], C) has
the same cardinality as R, which may be a bit surprising. The set of all functions [a,b] — C
has cardinality strictly greater than the cardinality of R, it has the cardinality of the power
set of R. So the set of continuous functions is a very tiny subset of the set of all functions.

Warning! The fact that every continuous function f: [-1,1] — C (or any interval [a, b])
can be uniformly approximated by polynomials

n

>

k=0
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does not mean that every continuous f is analytic, that is, equal to a power series

o

S ek

k=0

An analytic function is infinitely differentiable, however, the function |x| is continuous and
near the origin approximable by polynomials, and so provides a counterexample.

The key distinction is that the polynomials coming from the Weierstrass theorem are
not the partial sums of a power series. For each one, the coefficients a; above can be
completely different—they do not need to come from a single sequence {cx};_ ;-

Interestingly, to generalize Weierstrass, we will only need to use it to approximate the
absolute value function by polynomials without a constant term.

Corollary 11.7.4. Let [—a, a] be an interval. Then there is a sequence of real polynomials {p, },_,
that converges uniformly to |x| on [—a, a| and such that p,(0) = 0 for all n.

Proof. As f(x) := |x| is continuous and real-valued on [-a, 4], the Weierstrass theorem
gives a sequence of real polynomials {p,,}’_; that converges to f uniformly on [-a, a]. Let

pn(x) = pu(x) = pu(0).

Obviously p,(0) = 0.
Given € > 0, let N be such that for n > N, we have |ﬁn(x) - |x|| <e¢/2forall x € [-a,a].
In particular, [p,(0)| < ¢/2. Then forn > N,

Pa(x) = 1x1] = [Pu(x) = Pn(0) = |x]| < [Pu(x) = |x]| + [pn(0)] < ¢/2+¢/2= €. O

Generalizing the corollary, we can make the polynomials from the Weierstrass theorem
be equal to our target function at one point, not just for |x|, but that’s the one we will need.
It is also possible (see Exercise 11.7.14) to make the polynomials equal at finitely many
points by subtracting not a constant but a properly crafted polynomial.

11.7.2 Stone-Weierstrass approximation

We want to abstract away what is not really necessary and prove a general version of the
Weierstrass theorem, the Stone-Weierstrass theorem®. Polynomials are dense in the space
of continuous functions on a compact interval. What other kind of families of functions
are also dense? And if the domain is an arbitrary metric space, then we no longer have
polynomials to begin with.

*Named after the American mathematician Marshall Harvey Stone (1903-1989), and the German
mathematician Karl Theodor Wilhelm Weierstrass (1815-1897).


https://en.wikipedia.org/wiki/Marshall_Harvey_Stone
https://en.wikipedia.org/wiki/Karl_Weierstrass
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Definition 11.7.5. A set o of complex-valued functions f: X — C is said to be an algebra
(sometimes complex algebra or algebra over C) if for all f, ¢ € d and ¢ € C, we have

(i) f+ged.
(i) fged.
(iii) cg € 4.
A real algebra or an algebra over R is a set of real-valued functions that satisfies the three
properties above for ¢ € R.

We are interested in the case when X is a compact metric space. Then C(X,C) and
C(X, R) are metric spaces. Given a set & C C(X, C), the set of all uniform limits is the
metric space closure 9. When we talk about closure of an algebra from now on we mean
the closure in C(X, C) as a metric space. Same for C(X, R).

The set & of all polynomials is an algebra in C([a, b], C), and we have shown that its
closure @ = C ([a, b], C). That is, it is dense. That is the sort of result that we wish to prove.

We leave the following proposition as an exercise.

Proposition 11.7.6. Suppose X is a compact metric space. If d C C(X, C) is an algebra, then the
closure o is also an algebra. Similarly for a real algebra in C(X, R).

We distill the properties of polynomials that are sufficient for an approximation theorem.
Definition 11.7.7. Let d be a set of complex-valued functions defined on a set X.

(i) o separates points if for every x,y € X with x # y, there is an f € d such that
fx)# f(y).

(ii) of vanishes at no point if for every x € X thereis an f € o such that f(x) # 0.

Example 11.7.8: Given any X C R (or X C C), the set % of polynomials in one variable
separates points and vanishes at no point on X. That is, 1 € %, so it vanishes at no point.
And for x,y € X, x # y, take f(t) := t. Then f(x) = x # y = f(y). So P separates points.

Example 11.7.9: The set of functions of the form

k
F(t) = ag + Z a, cos(nt)
n=1

is an algebra, which follows by the identity cos(mt) cos(nt) =
algebra vanishes at no point as it contains a constant function. It does not separate points
if the domain is an interval [-a, a], as f(—t) = f(t) for all t. It does separate points if the
domain is [0, t]; cos(t) is one-to-one on [0, 7t].

((n+m)t) ((n—m)t)
cos n2 mt) | cos nz ™) The

Example 11.7.10: The set & of real polynomials with no constant term is an algebra that
vanishes at the origin. Clearly, any function in the closure of & also vanishes at the origin,
so the closure of 9 cannot be C([0,1], [R).

Similarly, the set of constant functions is an algebra that does not separate points.
Uniform limits of constants are constants, so we also do not obtain all continuous functions.
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It is interesting that these two properties, “vanishes at no point” and “separates points,”
are sufficient to obtain approximation of any real-valued continuous function. Before we
prove this theorem, we note that such an algebra can interpolate a finite number of values
exactly. We will state this result only for two points as that is all that we will require.

Proposition 11.7.11. Suppose d is an algebra of complex-valued functions on a set X that separates
points and vanishes at no point. Suppose x,y are distinct points of X, and c,d € C. Then there is
an f € d such that

f)=c,  fly)=d.
If d is a real algebra, the conclusion holds for c,d € R.

Proof. There must exist an g, h, k € o such that g(x) # g(y), h(x) #0, k(y) # 0. Let

BN ¢ C2) L ¢ S { CO) L
(8(x) = gW)h(x)  (8(y) - g(x))k(y)
_._ 8h-gph . gk-gk
g()h(x) - g(yh(x) ~ g(yk(y) - g(x)k(y)’
We are not dividing by zero (clear from the first formula). Also by the first formula, f(x) = ¢
and f(y) = d. By the second formula, f € d (as o is an algebra). O

f=

Theorem 11.7.12 (Stone-Weierstrass, real version). Let X be a compact metric space and o a
real algebra of real-valued continuous functions on X, such that o separates points and vanishes
at no point. Then the closure s = C(X, R).

The proof is divided into several claims.
Claim 1: If f € d, then |f| € dl.

Proof. The function f is bounded (continuous on a compact set), so there is an M such that
|f(x)] < M forall x € X. Let € > 0 be given. By the corollary to the Weierstrass theorem,
there exists a real polynomial c1y + cay? + - - - + ¢,y (vanishing at y = 0) such that

n

yl= > exy”

k=1

<E€

for all y € [-M, M]. Because d is an algebra and because there is no constant term in the
polynomial,

n
chfk S Q
k=1

As|f(x)] £ M, thenforall x € X

n

F@ = ()"

k=1

<E€.

So | f| is in the closure of i, which is itself closed. In other words, |f| € . O
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Claim 2: If f € dl and g € o, then max(f, g) € ol and min(f, g) € o, where

(max(f, g))(x) = max{f(x), g(x)}, and (min(f, g))(x) = min{f(x), g(x)}.
Proof. Write:

_frg 1f=gl . _frg 1f=gl
max(f,g) = > + 5 and min(f, g) = 5 5
As ol is an algebra we are done. m|

By induction, the claim is also true for the minimum or maximum of a finite collection
of functions.

Claim 3: Given f € C(X,R), x € X, and € > 0, there exists a g, € o with g,(x) = f(x) and
gx(t) > f(t)—e  forallt e X.

Proof. Fix f, x, and €. By Proposition 11.7.11, for every y € X, find an h,, € o such that

hy(x) = f(x),  hy(y) = fy).

As hy and f are continuous, the function i, — f is continuous, and the set

Uy = {t € X :hy(t) > f(t) — €} = (hy — )} ((—€, )

is open (it is the inverse image of an open set by a continuous function). Furthermore
y € Uy. So the sets Uy, cover X. The space X is compact, so there exist finitely many points

Y1,Y2,...,Yn in X such that
n
x =(_Ju,.
k=1

Let
gx = max(hy,, hy,,..., hy,).

By Claim 2, g, € d. See Figure 11.10. Moreover,
8x(t) > f(t) —e€

for all t € X, since for every t, there is a y; such that t € U,,, and so hy,(t) > f(t) — €.
Finally, h,(x) = f(x) forall y € X, so gx(x) = f(x). O

What we have now is for each x a function g, € o that is within € of f near x (being
continuous), but also gy is within € of f from at least one side at all points. If we cover
X with neighborhoods where gy is a good approximation, we can repeat the idea of the
argument with a minimum to get a function that is within € from both sides.
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- e /

LT h]/z S /hyl
| | |

|
W W2 X

Figure 11.10: Construction of g, out of two h,, (longer dashes) and ,, (shorter dashes).

Claim 4: If f € C(X,R) and € > 0 is given, then there exists an ¢ € o such that
F(x) - ()l <e.
Proof. For every x € X, find the function g, as in Claim 3. Let
Vy = {t € X : gx(t) < f(t) +€}.

The sets V, are open as g, and f are continuous. As gx(x) = f(x), then x € V,. So the sets
Vy cover X. By compactness of X, there are finitely many points x1, x, . .., x, such that

X = 0 Vi,
k=1

Let
@ = min(gxy, &xpr -+ - §xy)-
By Claim 2, ¢ € d. Similarly as before (same argument as in Claim 3), for all ¢ € X,
p(t) < f(t) +e.
Since all the g, satisfy g.(f) > f(t) —e forallt € X, @(t) > f(t) — € as well. Hence, for all ¢,

—e < @(t)—f(t) <€,
which is the desired conclusion. m|

The proof of the theorem follows from Claim 4. The claim states that an arbitrary
continuous function is in the closure of o, which is already closed. The theorem is proved.

Example 11.7.13: The functions of the form

n

f#)=) cxe,

k=1

for cx € R, are dense in C([a, b], R). Such functions are a real algebra, which follows from
ektelt = ¢(k+0! They separate points as e’ is one-to-one. As ef > 0 for all t, the algebra does
not vanish at any point.
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In general, given a set of functions that separates points and does not vanish at any
point, we let these functions generate an algebra by considering all the linear combinations
of arbitrary multiples of such functions. That is, we consider all real polynomials without
constant term of such functions. In the example above, the algebra is generated by ef. We
consider polynomials in e’ without constant term.

Example 11.7.14: We mentioned that the set of all functions of the form

N
ap + Z a, cos(nt)
n=1

is an algebra. When considered on [0, 7t], it separates points and vanishes nowhere so
Stone-Weierstrass applies. As for polynomials, you do not want to conclude that every
continuous function on [0, 7r] has a uniformly convergent Fourier cosine series, that is, that
every continuous function can be written as

(o]
ap + Z a, cos(nt).
n=1

That is not true! There exist continuous functions whose Fourier series does not converge
even pointwise let alone uniformly. See §11.8.

To obtain Stone-Weierstrass for complex algebras, we must make an extra assumption.

Definition 11.7.15. An algebra o is self-adjoint if for all f € d, the function f defined by
f(x) = f(x) is in o, where by the bar we mean the complex conjugate.

Theorem 11.7.16 (Stone—Weierstrass, complex version). Let X be a compact metric space and
sl an algebra of complex-valued continuous functions on X, such that ol separates points, vanishes
at no point, and is self-adjoint. Then the closure d = C(X, C).

Proof. Suppose dr C d is the set of the real-valued elements of sf. For f € o, write
f = u +iv where u and v are real-valued. Then
frf o _f-F
27 2i
Sou,v € d as d is a self-adjoint algebra, and since they are real-valued u, v € dp.

If x # y, then find an f € o such that f(x) # f(y). If f = u + iv, then it is obvious that
either u(x) # u(y) or v(x) # v(y). So dr separates points. Similarly, for every x find f € o
such that f(x) # 0. If f = u + iv, then either u(x) # 0 or v(x) # 0. So ddr vanishes at no
point. The set dR is a real algebra, and satisfies the hypotheses of the real Stone-Weierstrass
theorem. Given any f = u + iv € C(X,C), we find g, h € dr such that [u(t) — g(t)| < ¢/2
and |v(t) — h(t)| < €¢/2forall t € X. Next, g +ih € d, and

|f(5) = (g(t) + ih(t))| = [u(t) + iv(t) — (g(t) + ik(t))|
< fu(t) —g®)| + o(t) — h(t)| <¢/2+¢2=¢€

forallt € X. So o = C(X,C). O

u =
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The self-adjoint requirement is necessary, although it is not so obvious to see it. For an
example, see Exercise 11.7.9.

We give an interesting application. When working with functions of two variables, it
may be useful to work with functions of the form f(x)g(y) rather than F(x, y). For example,
they are easier to integrate. We have the following.

Example 11.7.17: Any continuous F: [0, 1] X [0, 1] — C can be approximated uniformly by
functions of the form

n
> f@giw),
j=1
where f;: [0,1] —» Cand g;: [0,1] — C are continuous.
Proof: It is not hard to see that the functions of the above form are a complex algebra.

It is equally easy to show that they vanish nowhere, separate points, and the algebra is
self-adjoint. As [0, 1] X [0, 1] is compact, Stone-Weierstrass obtains the result.

11.7.3 Exercises

Exercise 11.7.1: Prove Proposition 11.7.6. Hint: If {f,}},_; is a sequence in C(X, R) converging to f, then
as f is bounded, show that f, is uniformly bounded, that is, there exists a single bound for all f, (and f).

Exerczse 11.7.2: Suppose X = R (not compact in purtzcular) Show that f (t) := e is not possible to

Exercise 11.7.3: Suppose f: [0,1] — C is a uniform limit of a sequence of polynomials of degree at most d,
then the limit is a polynomial of degree at most d. Conclude that to approximate a function which is not a
polynomial, we need the degree of the approximations to go to infinity.

Hint: First prove that if a sequence of polynomials of degree d converges uniformly to the zero function, then
the coefficients converge to zero. One way to do this is linear algebra: Consider a polynomial p evaluated at
d + 1 points to be a linear operator taking the coefficients of p to the values of p (an operator in L(R4*1)).

Exercise 11.7.4: Suppose f: [0,1] — R is continuous and /01 f(x)x"dx =0foralln =0,1,2,.... Show
that f(x) = 0 for all x € [0, 1]. Hint: Approximate by polynomials to show that /01 (f(x))2 dx = 0.

Exercise 11.7.5: Suppose I: C([0,1], R) — R is a linear continuous function such that I(x") = - for all
n=0,1,2,3,.... Prove that I(f) = [ f forall f € C([0,1], R).

Exercise 11.7.6: Let ol be the collection of real polynomials in x2, that is, polynomials of the form
co+c1x2 4+ coxt + - 4 cgx?,

a) Show that every f € C([0,1], R) is a uniform limit of polynomials from o.
b) Find an f € C([-1,1], R) that is not a uniform limit of polynomials from .
c) Which hypothesis of the real Stone—Weierstrass is not satisfied for the domain [-1,1]?
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Exercise 11.7.7: Let |z| = 1 define the unit circle S' C C.
a) Show that functions of the form

n

5 s

k=-n
are dense in C(S, C). Notice the negative powers.
b) Show that functions of the form

n n
co+chzk +Zc_k2k
k=1 k=1

are dense in C(S!, C). These are so-called harmonic polynomials, and this approximation leads to, for
example, the solution of the steady state heat problem.

Hint: A good way to write the equation for S' is zz = 1.

Exercise 11.7.8: Show that for complex numbers cj, the set of functions of x on [~7t, 7| of the form

n

Z Ck eikx

k=—n
satisfies the hypotheses of the complex Stone—Weierstrass theorem and therefore such functions are dense in
the C([-mt, mt], C).

Exercise 11.7.9: Let S c C be the unit circle, that is the set where |z| = 1. Orient this set counterclockwise.
Let y(t) := e't. For the one-form f(z) dz we write*

27
/ fdz= [ fletyie® at.
Sl 0

a) Prove that for all nonnegative integers k = 0,1,2,3, ..., we have /sl zkdz = 0.
b) Prove that if P(z) = Y;_, ckzFisa polynomial in z, then [51 P(z)dz =0.
¢) Prove /51 zdz # 0.

d) Conclude that polynomials in z (this algebra of functions is not self-adjoint) are not dense in C(S*, C).

Exercise 11.7.10: Let (X, d) be a compact metric space and suppose A C C(X, R) is a real algebra that
separates points, but vanishes at exactly one point xo € X. That is, f(xo) = 0 for all f € d, but for every

y € X\ {xo} there is a ¢ € 9 such that p(y) # 0. Prove that every function ¢ € C(X,R) such that
g(x0) = 0is a uniform limit of functions from o.

Exercise 11.7.11: Let (X, d) be a compact metric space and suppose s C C(X, R) is a real algebra. Suppose
that for each y € X the closure s contains the function ¢,(x) := d(y, x). Then d = C(X, R).

*Alternatively, one could define dz := dx + i dy and extend the path integral from chapter 9 to complex-
valued one-forms.
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Exercise 11.7.12:
a) Suppose f: [a,b] — C is continuously differentiable. Show that there exists a sequence of polynomials
{pn}>, that converges in the C* norm to f, that is, || f — pulliae) + Il f* = Phllfap; = 0as n — oo

b) Suppose f: [a,b] — C is k times continuously differentiable. Show that there exists a sequence of
polynomials {p, }>_| that converges in the CK norm to f, that is,

k
> Hf(’) —p
=0

-0 as n — oo.
[a,b]

Exercise 11.7.13:

a) Show that an even function f: [-1,1] — R is a uniform limit of polynomials with even powers only,

that is, polynomials of the form ag + a1x? + axx* + - - - + agx?*.

b) Show that an odd function f: [-1,1] — R is a uniform limit of polynomials with odd powers only, that
is, polynomials of the form byx + byx® + bax® + - - + bpx?k-1,

Exercise 11.7.14: Let f: [a,b] — R be continuous.

a) Given two points x1,x2 € [a, b], show that there exists a sequence of real polynomials {p}}°_, so that
pn(x1) = f(x1) and py(x2) = f(x2) for all n.

b) Generalize the previous part to k points: Given the points x1,x2, ..., Xk € [a,b], show that there exists
a sequence of real polynomials {p, },_, so that for all n, pn(x;) = f(x;) forj =1,2,... k.
Hint: The polynomial (x — x1)(x — x2) - -+ (x — xg-1)(x — X¢41) - - - (x — x¢) is zero at x;j for j # £ but
nonzero at xy. Use it to construct a polynomial that takes prescribed values at x1,xz, ..., Xk.
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11.8 Fourier series

Note: 3—4 lectures

Fourier series® is perhaps the most important (and the most difficult) of the series that
we cover in this book. We saw a few examples already, but let us start at the beginning.

11.8.1 Trigonometric polynomials

A trigonometric polynomial is an expression of the form

N
ag + Z(an cos(nx) + by, sin(nx)),

n=1
or equivalently, thanks to Euler’s formula (e’? = cos(0) + i sin(0)):

N

E Cnemx.

n=-—N
The second form is usually more convenient. If z € C with |z| = 1, we write z = ¢'¥, and so

N N

Z cpei™ = Z cz".

n=-—N n=—N
So a trigonometric polynomial is really a rational function of the complex variable z (we are
allowing negative powers) evaluated on the unit circle. There is a wonderful connection
between power series (actually Laurent series because of the negative powers) and Fourier
series because of this observation, but we will not investigate this further.

Another reason why Fourier series is important and comes up in so many applications
is that the functions e’* are eigenfunctions’ of various differential operators. For example,

d d?

dx dx?
That is, they are the functions whose derivative is a scalar (the eigenvalue) times itself.
Just as eigenvalues and eigenvectors are important in studying matrices, eigenvalues and
eigenfunctions are important when studying linear differential equations.

[einx] — (in)einx, [einx] — (_n2)einx'

The functions cos(nx), sin(nx), and e™* are 27n-periodic and hence trigonometric
polynomials are also 27mt-periodic. We could rescale x to make the period different, but the

theory is the same, so we stick with the period 27. The antiderivative of e~ is % and so

/nei”xdx _J2r ifn =0,
- 0 otherwise.

*Named after the French mathematician Jean-Baptiste Joseph Fourier (1768-1830).
tEigenfunction is like an eigenvector for a matrix, but for a linear operator on a vector space of functions.
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Consider
N

f(x) = Z cpe™,

n=—N
and for m = =N, ..., N compute

L[ ' LS, iem PR
— f(x)e_””xdxz—/ cpe"TMY dx = c —/ e dx = ¢y
27 [n 2t J_, Z " Z "2m ), "

n=-N n=—N

We just found a way of computing the coefficients c,, using an integral of f. If |m| > N, the
integral is 0, so we might as well have included enough zero coefficients to make |m| < N.

Proposition 11.8.1. A trigonometric polynomial f(x) = nN:_N cn e is real-valued for real x
if and only if c_,yy = Cy forallm = =N, ..., N.

Proof. If f(x) is real-valued, thatis f(x) = f(x), then

L[ L o werre 1
o= —imx - —imx - imx _
Cm = 5 ‘/_n f(x)e—imx dx 5 [ﬂ f(x)e~imx dx 5 /_n f(x)e™ dx = c_p,.

The complex conjugate goes inside the integral because the integral is done on real and
imaginary parts separately.
On the other hand, if c_,, = ¢,;, then

Cop @7IMX 4 eimx = ¢ olMY L ¢ "o7lMX — o oMY 4 o 7MY

which is real valued. Also cg = ¢y, so cg is real. By pairing up the terms, we obtain that f
has to be real-valued. O

The functions ¥
Proposition 11.8.2. If

are also linearly independent.

N
Z cpe"™ =0
n=-N

forall x € [-m, ], then ¢, = 0 for all n.

Proof. The result follows immediately from the integral formula for c,,. m|

11.8.2 Fourier series

We now take limits. The series

Z . pinx
n
n=—o00
is called the Fourier series and the numbers ¢, the Fourier coefficients. Using Euler’s formula
e'% = cos(0) + isin(0), we could also develop everything with sines and cosines, that is, as
the series ag + 3., 4 a, cos(nx) + b, sin(nx). It is equivalent, but slightly more messy.
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Several questions arise. What functions are expressible as Fourier series? Obviously,
they have to be 2n-periodic, but not every periodic function is expressible with the series.
Furthermore, if we do have a Fourier series, where does it converge (where and if at all)?
Does it converge absolutely? Uniformly? Also note that the series has two limits. When
talking about Fourier series convergence, we often talk about the following limit:

N
lim e,

N—>o0

n=-N

There are other ways we can sum the series to get convergence in more situations, but we
refrain from discussing those. In light of this, define the symmetric partial sums

N

sn(f;x) = Z cp e,

n=—N

Conversely, for an integrable function f: [-n, 7] — C, call the numbers

1 n ;
— —inx
Cn = 5 [ﬂ f(x)e dx

its Fourier coefficients. To emphasize the function the coefficients belong to, we write f(r).*
We then formally write down a Fourier series:
f(x) ~ Z Cp ¥,
n=—co

As you might imagine such a series might not even converge. The ~ doesn’t imply anything
about the two sides being equal in any way. It is simply that we created a formal series
using the formula for the coefficients. We will see that when the functions are “nice
enough,” we do get convergence.

Example 11.8.3: Consider the step function h(x) so that i(x) := 1 on [0, 7] and h(x) == -1
on (-, 0), extended periodically to a 2nt-periodic function. With a little bit of calculus, we
compute the coefficients:

h(0) = 1 ' h(x)dx =0 h(n) = 1 ' h(x)e ™ dx = M forn >1
om 7 S 2m ), - mn o=
A little bit of simplification leads to

N N n
sn(h; x) = Z h(n)e™ = Z 2(1_71%))sin(nx).

n=—N n=1

See the left hand graph in Figure 11.11 for a graph of /1 and several symmetric partial sums.

*The notation should seem similar to Fourier transform to those readers that have seen it. The similarity
is not just coincidental, we are taking a type of Fourier transform here.
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For a second example, consider the function g(x) := |x| on [-7, 7] and then extended
to a 2m-periodic function. Computing the coefficients, we find

% = 1 i _I 5 — 1 ; —inx _ (-D" -1
g(O)—E[ g(x)dx—z, g(n)——/ gx)e ™ dx = ——— fornz1.

- 2n J_, nn
A little simplification yields

N

| N 2((-1)" -1
sn(g;x) = Z g(m)e™ = g + Z %cos(nx).

n=—N n=1

See the right hand graph in Figure 11.11.

1-4 "
_|
0 2
_| \ITI/ I 7|'£ 7IT _|n |n I 7!( ‘[lt
T -3 0 3 -3 0 5

Figure 11.11: The functions & and g in bold, with several symmetric partial sums in gray.

Note that for both f and g, the even coefficients (except ¢(0)) happen to vanish, but that
is not really important. What is important is convergence. First, at the discontinuity at
x =0, we find sn(h;0) = 0 for all N, so sy(h;0) converges to a different number from /(0)
(at a nice enough jump discontinuity, the limit is the average of the two-sided limits, see the
exercises). That should not be surprising; the coefficients are computed by an integral, and
integration does not notice if the value of a function changes at a single point. We should
remark, however, that we are not guaranteed that in general the Fourier series converges to
the function even at a point where the function is continuous. We will prove convergence
if the function is at least Lipschitz.

What is really important is how fast the coefficients go to zero. For the discontinuous #,
the coefficients /1(11) go to zero approximately like 1/x. On the other hand, for the continuous
g, the coefficients ¢(n) go to zero approximately like 1/n2. The Fourier coefficients “see” the
discontinuity in some sense.

Do note that continuity in this setting is the continuity of the periodic extension, that is,
we include the endpoints +7. So the function f(x) = x defined on (-7, 7] and extended
periodically would be discontinuous at the endpoints +7.
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In general, the relationship between regularity of the function and the rate of decay
of the coefficients is somewhat more complicated than the example above might make it
seem, but there are some quick conclusions we can make. We forget about finding a series
for a function for a moment, and we consider simply the limit of some given series. A few
sections ago, we proved that the Fourier series

o

sin(nx)
Z le

n=1

converges uniformly and hence converges to a continuous function. This example and its
proof can be extended to a more general criterion.

Proposition 11.8.4. Let >)7_ ., Cp e be a Fourier series, and C, a > 1 constants such that

lc,| < % foralln € Z \ {0}.

Then the series converges (absolutely and uniformly) to a continuous function on R.

The proof is to apply the Weierstrass M-test (Theorem 11.2.4) and the p-series test to find
that the series converges uniformly and hence to a continuous function (Corollary 11.2.8).
We can also take derivatives.

Proposition 11.8.5. Let Y, _., ¢, ei"X pe g Fourier series, and C, a > 2 constants such that
C
Cnl £ —= oralln € Z \ {0}.
| i’ll |n|a f \ { }
Then the series converges to a continuously differentiable function on R.

The proof is to note that the series converges to a continuous function by the previous
proposition. In particular, it converges at some point. Then differentiate the partial sums

N

E inc, e

n=—N

and notice that for all nonzero n

linc,| < et
The differentiated series converges uniformly by the M-test again. Since the differentiated
series converges uniformly, we find that the original series Y -_, ¢, /" converges to
a continuously differentiable function, whose derivative is the differentiated series (see
Theorem 11.2.14).

We can iterate this reasoning. Suppose there is some C and a > k + 1 (k € N) such that
for all nonzero integers n,

nl < .

Then the Fourier series converges to a k-times continuously differentiable function. There-
fore, the faster the coefficients go to zero, the more regular the limit is.
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11.8.3 Orthonormal systems

Let us abstract away the exponentials, and study a more general series for a function.
One fundamental property of the exponentials that makes Fourier series work is that the
exponentials are a so-called orthonormal system. Fix an interval [a, b]. We define an inner
product for the space of functions. We restrict our attention to Riemann integrable functions
as we do not have the Lebesgue integral, which would be the natural choice. Let f and g
be complex-valued Riemann integrable functions on [a, b] and define the inner product

b —_—
f & 3:/ f(x)g(x)dx.

If you have seen Hermitian inner products in linear algebra, this is precisely such a product.
We must include the conjugate as we are working with complex numbers. We then have
the “size” of f, that is, the L> norm || f||2, by (defining the square)

b
IFIB = (f, f) = / P dx.

Remark 11.8.6. Note the similarity to finite dimensions. For z = (z1,z2,...,z4) € C?, one
defines

(z,w) = Zd: Z, Wy,

n=1

Then the norm is (usually denoted simply by ||z|| in C¥ rather than by ||z][2)

d
2 2
Izl = (z,2) = ) "|zal.
n=1

This is just the euclidean distance to the origin in C? (same as R?¢).

In what follows, we will assume all functions are Riemann integrable.

Definition 11.8.7. Let {¢p,} | be a sequence of integrable complex-valued functions on
[a,b]. We say that this is an orthonormal system if

1 ifn=m,

0 otherwise.

b _—
(Pn, Pm) =/ Pn(x) Pm(x) dx ={

In particular, ||@, |2 = 1 for all n. If we only require that (¢,, ;) = 0 for m # n, then the
system would be called an orthogonal system.

We noticed above that

{ 1 einx}oo
V27 n=1

is an orthonormal system on [—7, 7t]. The factor out in front is to make the norm be 1.
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Having an orthonormal system {¢,} ", on [4,b] and an integrable function f on [a, b],
we can write a Fourier series relative to {¢p,}> . Let

b —_—
e = (f, gu) = / F)pn() dx,

and write
f(x) ~ Z CnPn-
n=1
In other words, the series is
Z(f/ (Pn>(Pn(x)-
n=1

Notice the similarity to the expression for the orthogonal projection of a vector onto a
subspace from linear algebra. We are in fact doing just that, but in a space of functions.

Theorem 11.8.8. Suppose f is a Riemann integrable function on [a,b]. Let {@,},_, be an
orthonormal system on [a, b] and suppose

fx) ~ Z Cn®Pn(x).
n=1
If
k k
sk(x) = Z Cnpn(x) and pr(x) = Z dn@n(x)
n=1 n=1

for some other sequence {d,},_,, then

b b
/ F) = sk@ P = [[f = skl2 < IIf  pel2 = / () = prol2 dx

with equality only if d, = ¢y, foralln =1,2,..., k.

In other words, the partial sums of the Fourier series are the best approximation with
respect to the L% norm.

Proof. Let us write

‘/L;b|f_Pk|2:/ab|f|2—/abfp_k—‘/a‘bfpk+/ﬂb|pk|2.

Now
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and
b b k k L kK k L b k
/ |Pk|2= Zdn(PnZ m_mzzzdn m/ (Pn_m:Z|dn|2
a T n=1 m=1 n=1m=1 a n=1

So

b b ko k k

[r=pi= [1E=Y Ten= Y+ Yol
a a n=1 n=1 n=1
b k k
= [ IfP=Dleal+ > ldu - cul?
a n=1 n=1

This is minimized precisely when d,, = c;,. O

When we do plug in d,, = c,,, then

b b k
[r=ar= [ 1= Yt
a a n=1
and so for all k,

k b

Yleal < [CIrP

n=1 a
Note that

k

2 2
E len|” = [lskll3
n=1

by the calculation above. We take a limit to obtain the so-called Bessel’s inequality.

Theorem 11.8.9 (Bessel’s inequality*). Suppose f is a Riemann integrable function on [a, b].
Let {@n};,_, be an orthonormal system on [a, b] and suppose

o0

f)~ D capul2).

n=1

Then )
2 2 2
Yleal < (1R = 11
n=1 a
. b . . .
In particular, fa |f|> < oo implies the series converges and hence

lim ¢, = 0.

k— o0

*Named after the German astronomer, mathematician, physicist, and geodesist Friedrich Wilhelm Bessel
(1784-1846).


https://en.wikipedia.org/wiki/Friedrich_Bessel
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11.8.4 The Dirichlet kernel and approximate delta functions

We return to the trigonometric Fourier series. The system {ei"* }> | is orthogonal, but not
orthonormal if we simply integrate over [, ]. We can rescale the integral and hence the
inner product to make {e""*}* | orthonormal. That is, if we replace

b b
1
/ with — / ,
a 27T —Tt

(we are just rescaling the dx really)*, then everything works and we obtain that the system
J & y ything y
{e'"*}> | is orthonormal with respect to the inner product

(f, 8= %/ F(x) g(x)dx.

Suppose f: R — C is 2n-periodic and integrable on [—7t, t]. Write

~ mmx .- —inx
f(x) E c, e, where ¢, = = [ﬂ f(x)e dx.

n=—oo

Recall the notation for the symmetric partial sums, sy (f; x) := ZnN=_ N Cn ei"* The inequality
leading up to Bessel now reads:

N
[ D2 e — 21 [T 2
7 [n s (f; %)l dx—ﬂ;_Nlcnl <5 [ﬂ |f ()] dx.

Let the Dirichlet kernel be

N .
Dn(x) = Z e inx
n=—N
We claim that ( )
sin((N +1/2)x
D (x) = sin(¥/2)

for x such that sin(*/2) # 0. The left-hand side is continuous on R, and hence the right-hand
side extends continuously to all of R. To show the claim, we use a familiar trick:

(eix _ 1)DN(X) — ei(N+l)x _ e—iNx_

Multiply by e~#*/2

(eix/Z _ e—ix/Z)DN(x) — ei(N+1/2)x _ e—i(N+1/2)x.

The claim follows.

*Mathematicians in this field sometimes simplify matters with a tongue-in-cheek definition that 1 = 27.
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Expand the definition of sy
N 1 TU . .
sn(f;x) = Z E/ f(t)e ™"t dt ™™
n=-N n

n N n
_ % [ﬂ £(b) n:Z_N pin(x=t) g4 — % [n f(t)Dn(x —t)dt.

Convolution strikes again! As Dy and f are 27m-periodic, we may also change variables

and write
X+

nf(x —t)Dn(t)dt = % [: f(x —t)Dn(t) dt.

See Figure 11.12 for a plot of Dy for N =5and N = 20.

|

30—

n(fr) = 5

X—T

20—

10— )

-10 |

|
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I
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ISEES

A

Figure 11.12: Plot of Dy (x) for N =5 (gray) and N = 20 (black).

The central peak gets taller and taller as N gets larger, and the side peaks stay small. We
are convolving (again) with approximate delta functions, although these functions have all
these oscillations away from zero. The oscillations on the side do not go away but they are
eventually so fast that we expect the integral to just sort of cancel itself out there. Overall,
we expect that sy (f) goes to f. Things are not always simple, but under some conditions
on f, such a conclusion holds. For this reason people write

271 6(x) ~ Z e,
n=oo
where 0 is the “delta function” (not really a function), which is an object that will give
something like ”f_z f(x —t)o(t)dt = f(x).” We can think of Dy(x) converging in some
sense to 27 6(x). However, we have not defined (and will not define) what the delta
function is, nor what does it mean for it to be a limit of Dy or have a Fourier series.
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11.8.5 Localization

If f satisfies a Lipschitz condition at a point, then the Fourier series converges at that point.

Theorem 11.8.10. Let x be fixed and let f be a 2m-periodic function Riemann integrable on
[—mt, t]. Suppose there exist 6 > 0 and M such that

[f(x +1) = f(x)] < Mt]
forallt € (=6, 0), then
Jim sn(f;x) = f(x).

In particular, if f is continuously differentiable at x, then we obtain convergence at x
(exercise). A function f: [a,b] — C is continuous piecewise smooth if it is continuous and
there exist points xg = 4 < x1 < x2 < --- < x¢ = b such that for every j, f restricted to
[x;, xj+1] is continuously differentiable (up to the endpoints).

Corollary 11.8.11. Let f be a 2m-periodic function Riemann integrable on [—mt, ). Suppose there
exist x € Rand 6 > 0 such that f is continuous piecewise smooth on [x — 6, x + 0], then

Jm sn(f;x) = f(x).

The proof of the corollary is left as an exercise. Let us prove the theorem.

1 7T
— Dy = 1.
2n/_n N

n(fi0) - f0) =5 [ flx= 0Dyt - 5 [ Dt

Proof of Theorem 11.8.10. For all N,

Write

1 Tt
- L (=t - ro)Day i
U -7t
1L [T flx-t)—flx) .
= 12)t) dt.
) ) sin((N +1/2)t)
By the hypotheses, for small nonzero ¢,
fx=n-f)|_ Ml
sin(t/2) = |sin(t/2)|
As sin(0) = 6 + h(6) where @ — 0 as 8 — 0, we notice that % is continuous at the

f—t)-f(x)
sin(t/2)
only place on [-7, ] where the denominator vanishes, it is the only place where there

could be a problem. So, the function is bounded near t = 0 and clearly Riemann integrable

origin. Hence, , as a function of t, is bounded near the origin. As t = 0 is the
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on any interval not including 0, and thus it is Riemann integrable on [—7t, t]. We use the
trigonometric identity

sin((N +1/2)t) = cos(t/2) sin(Nt) + sin(t/2) cos(N't),
to compute

1 [T sin((N +1/2)t) dt =

21 J_ o sin(*/2)
% _: (f(x S—irlizt/—z)f(X) cos(t/Z)) sin(Nt) dt + % /_: (f(x —t) = f(x)) cos(Nt) dt.

As functions of ¢, % cos(t/2) and (f(x —t) — f(x)) are bounded Riemann integrable
functions and so their Fourier coefficients go to zero by Theorem 11.8.9. So the two integrals
on the right-hand side, which compute the Fourier coefficients for the real version of the
Fourier series go to 0 as N goes to infinity. This is because sin(Nt) and cos(Nt) are also
orthonormal systems with respect to the same inner product. Hence sy (f; x) — f(x) goes

to 0, that is, sy (f; x) goes to f(x). O

The theorem also says that convergence depends only on local behavior. That is, to
understand convergence of sy(f; x) we only need to know f in some neighborhood of x.

Corollary 11.8.12. Suppose f is a 2m-periodic function, Riemann integrable on -7, t]. If | is
an open interval and f(x) = 0 for all x € |, then I\}im sn(f;x)=0forall x € ].

In particular, if f and g are 27t-periodic functions, Riemann integrable on -7, ], | an open
interval, and f(x) = g(x) for all x € ], then for all x € ], the sequence {sn(f; x)}lo\](’:1 converges if

and only if {sn(g; x)}y,_, converges.

The first claim follows by taking M = 0 in the theorem. The “In particular” follows by
considering f — g, which is zero on | and sy(f — g) = sn(f) — sn(g). So convergence at
x depends only on the values of the function near x. However, we saw that the rate of
convergence, that is, how fast does sy(f) converge to f, depends on global behavior of f.

Note a subtle difference between the results above and what Stone-Weierstrass theorem
gives. Any continuous function on [—7, t] can be uniformly approximated by trigonometric
polynomials, but these trigonometric polynomials may not be the partial sums sy.

11.8.6 Parseval’s theorem

Finally, convergence always happens in the L? sense and operations on the (infinite) vectors
of Fourier coefficients are the same as the operations using the integral inner product.



204 CHAPTER 11. FUNCTIONS AS LIMITS

Theorem 11.8.13 (Parseval®). Let f and g be 2m-periodic functions, Riemann integrable on
[—mt, ] with

f(x) ~ Z Cp €% and g(x) ~ Z d, e"x.
Then . N
lim 17 = sn(IE = Jim 5= [ G =sw(fif dx =0,
Also
1 ", — o —
9= [ gt = Y, e,
and

171 =57 [ VRdx= Y leal

n=—oo

Proof. There exists (exercise) a continuous 2n-periodic function / such that

If = hll2 <e.

Via Stone-Weierstrass, approximate & with a trigonometric polynomial uniformly. That is,
there is a trigonometric polynomial P(x) such that |h(x) — P(x)| < € for all x. Hence

IIh—PIIz=\/%[:Ih(X)—P(X)IdeSG-

If P is of degree Ny, then for all N > Np,

Ih=sn(M)ll2 < |lh = Pll2 <€,

as sn(h) is the best approximation for  in L? (Theorem 11.8.8). By the inequality leading
up to Bessel,

lIsn(h) =sn(ll2 = llsn(h = Hllz < NIk = fll2 < €.

The L2 norm satisfies the triangle inequality (exercise). Thus, for all N > Nj,

If =sn(Ollz < If =iz + [[h = sn(B)ll2 + llsn(h) = sn(f)ll2 < 3e.

Hence, the first claim follows.
Next,

n _ N no N L
v = 5= [ sFingmdx= Y e [ emgidr= Y e,
Tt n=—N —Tt

- = n=—N

*Named after the French mathematician Marc-Antoine Parseval (1755-1836).


https://en.wikipedia.org/wiki/Marc-Antoine_Parseval
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We need the Schwarz (or Cauchy-Schwarz or Cauchy-Bunyakovsky-Schwarz) inequality
for L2, that is,

/abfgz < (/abmz) (/ﬂb|g|2).

Its proof is left as an exercise; it is not much different from the finite-dimensional version.

‘ [ re- [ sN(f>g‘ - ' [u- sN<f>>g‘

gI?
s

<[ v~ sN<f>|2)1/2( [ )1/2

The right-hand side goes to 0 as N goes to infinity by the first claim of the theorem. That is,
as N goes to infinity, (sn(f), g) goes to (f, ), and the second claim is proved. The last
claim in the theorem follows by using ¢ = f. O
11.8.7 Exercises

Exercise 11.8.1: Consider the Fourier series

S

Z Py sin(2kx).

k=1 2

Show that the series converges uniformly and absolutely to a continuous function. Remark: This is another
example of a nowhere differentiable function (you do not have to prove that)*. See Figure 11.13.

0.8

0.4

-0.4

-0.8

SIE]
o
N[ —

Figure 11.13: Plot of Y ; & sin(2"x).

*See G. H. Hardy, Weierstrass’s Non-Differentiable Function, Transactions of the American Mathematical
Society, 17, No. 3 (Jul., 1916), pp. 301-325. A thing to notice here is the nth Fourier coefficient is 1/n if n = 2¥
and zero otherwise, so the coefficients go to zero like 1/x.
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Exercise 11.8.2: Suppose that a 27t-periodic function that is Riemann integrable on [-m, 1], and such
that f is continuously differentiable on some open interval (a,b). Prove that for every x € (a,b), we have

dim sy (f;x) = f(x).

Exercise 11.8.3: Prove Corollary 11.8.11, that is, suppose a 2m-periodic function is continuous piecewise
smooth near a point x, then I\}im sn(f;x) = f(x). Hint: See the previous exercise.

Exercise 11.8.4: Given a 27t-periodic function f: R — C, Riemann integrable on [-m, 7], and € > 0, show
that there exists a continuous 2mt-periodic function g: R — C such that || f — g|l2 < e.

Exercise 11.8.5: Prove the Cauchy—Bunyakovsky—Schwarz inequality for Riemann integrable functions:

()

Exercise 11.8.6: Prove the L? triangle inequality for Riemann integrable functions on [-7t, mt]:

b
f8

If+g&llz < [Ifll2 + lIgll2-

Exercise 11.8.7: Suppose for some C and a > 1, we have a real sequence {a, },_, with |a,| <
Let

< for all n.

_n[l

o0

g(x) = Z a, sin(nx).

n=1
a) Show that g is continuous.

b) Formally (that is, suppose you can differentiate under the sum) find a solution (formal solution, that is,
do not yet worry about convergence) to the differential equation

y"+2y =g(x)
of the form

y(x) = Z b, sin(nx).
n=1

c) Then show that this solution y is twice continuously differentiable, and in fact solves the equation.

Exercise 11.8.8: Let f be a 27t-periodic function such that f(x) = x for 0 < x < 2m. Use Parseval’s theorem

to find
5ia-
2 - _.
n=1 n
Exercise 11.8.9: Suppose that ¢, = 0 foralln < 0and ), _|c,| converges. Let D := B(0,1) C C be the
unit disc, and D = C(0, 1) be the closed unit disc. Show that there exists a contmuous function f: D — C

that is analytic on D and such that on the boundary of D we have f(e'%) = %2, c,e™P.
Hint: If z = re't then z" = r"ein?,
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Exercise 11.8.10: Show that

(o8]

Z e~ /" sin(nx)

n=1

converges to an infinitely differentiable function.

Exercise 11.8.11: Let f be a 2mt-periodic function such that f(x) = f(0) + fox g for a function g that is
Riemann integrable on every interval. Suppose

o0

fx) ~ Z c, emx.

n=-—o0o
Show that there exists a C > 0 such that |c,| < |S—|for all nonzero n.

Exercise 11.8.12:

a) Let ¢ be the 2m-periodic function defined by ¢(x) := 0if x € (-, 0), and @(x) = 1if x € (0,7),
letting ¢(0) and ¢@(mt) be arbitrary. Show that I\}im sn(g;0) =1/2.

b) Let f be a 2m-periodic function Riemann integrable on [—7t, ], x € R, 6 > 0, and there are continuously
differentiable ¢: [x — 6,x] — Cand h: [x,x + 0] — C where f(t) = g(t) forall t € [x — 0, x) and
where f(t) = h(t) forall t € (x,x + 6]. Then I\}im sn(f;x) = M, or in other words,

i on) = 3 (Jim 70+ Jim 0.

Exercise 11.8.13: Let {an};l"’: be such that lim, . a, = 0. Show that there is a continuous 27-periodic
function f whose Fourier coefficients c,, satisfy that for each N there is a k > N where |ci| > a.

Remark: The exercise says that if f is only continuous, there is no “minimum rate of decay” of the coefficients.
Compare with Exercise 11.8.11.

Hint: Look at Exercise 11.8.1 for inspiration.
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Darboux sum, 92
derivative, 35
complex-valued function, 142
determinant, 27
Devil’s staircase, 116
diagonal matrix, 32
differentiable, 35
differentiable curve, 41
differential one-form, 74
dimension, 11
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directional derivative, 41
Dirichlet kernel, 200
dot product, 20

eigenvalue, 33
elementary matrix, 30
equicontinuous, 173
euclidean norm, 20
Euler’s formula, 164
even permutation, 27

for almost every, 125

Fourier coefficients, 193

Fourier series, 193

Fubini for sums, 157

Fubini’s theorem, 104, 106
fundamental theorem of algebra, 170

general linear group, 24
generate an algebra, 188
gradient, 40

Green'’s theorem, 129

hyperbolic cosine, 168
hyperbolic sine, 168

identity, 14

identity theorem, 161
imaginary axis, 139
imaginary part, 140

implicit function theorem, 55
indicator function, 123

inner product, 197
integrable, 95

integrable on S, 124

inverse function theorem, 51
invertible linear transformation, 14
isolated singularity, 171

Jacobian, 42

Jacobian conjecture, 54
Jacobian determinant, 42
Jacobian matrix, 42
Jordan measurable, 123

INDEX

k-times continuously differentiable
function, 60
Kronecker density theorem, 177

Laplace equation, 132

law of exponents, 164
Lebesgue—-Vitali theorem, 118
Leibniz integral rule, 65
length, 79

length of a curve, 79
linear, 14

linear combination, 10
linear operator, 14

linear transformation, 14
linearity of the integral, 96
linearly dependent, 11
linearly independent, 11
longest side, 98

lower Darboux integral, 93
lower Darboux sum, 92

map, 14
mapping, 14
matrix, 25
maximum modulus principle, 169
maximum principle
analytic functions, 169
harmonic functions, 133
mean value property, 132
mean value theorem, 45, 46
measure zero, 108
minimum modulus principle, 169
modulus, 140
monotonicity of the integral, 96

n-dimensional volume
Jordan measurable set, 123
rectangles, 91

negatively oriented, 128

norm, 20

normed vector space, 20

null set, 108

nullspace, 15
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odd permutation, 27
one-form, 74

open mapping, 54

open rectangle, 91
operator norm, 21
operator, linear, 14
orthogonal system, 197
orthonormal system, 197
oscillation, 117

outer measure, 108

Parseval’s theorem, 203

partial derivative, 39

partial derivative of order k, 60

partition, 91

path connected, 83

path independent, 83

Peano existence theorem, 178

Peano surface, 45

permutation, 27

piecewise continuously differentiable

path, 71

piecewise smooth, 202

piecewise smooth boundary, 128

piecewise smooth path, 71

piecewise smooth reparametrization, 73

Poincaré lemma, 87

pointwise bounded, 172

pointwise convergence, 144
complex series, 144

polar coordinates, 59, 167

pole, 171

positively oriented, 128

potential, 88

preserve orientation, 73

radius of convergence, 154
rational function, 171

real algebra, 184

real axis, 139

real part, 140

real vector space, 8
real-analytic, 153
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rectangle, 91

refinement of a partition, 93

relative maximum, 45

relative minimum, 45

relatively compact, 115, 176

removable singularity, 171

reparametrization, 73

reverse orientation, 73

Riemann integrable, 95
complex-valued function, 142

Riemann integrable on S, 124

Riemann integral, 95

Riemann-Lebesgue theorem, 118

scalars, 7

self-adjoint, 188

separates points, 184

simple path, 71

simply connected, 86

sine, 164

singularity, 171

smooth path, 71

smooth reparametrization, 73

span, 10

spectral radius, 33

standard basis, 12

star-shaped domain, 86

Stone-Weierstrass
complex version, 188
real version, 185

subrectangle, 91

subspace, 8

support, 99

supremum norm, 145

symmetric, 20

symmetric group, 27

symmetric partial sums, 194

tangent vector, 41
Taylor’s theorem
real-analytic, 158
total derivative, 83
transformation, linear, 14
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triangle inequality
complex numbers, 140
norms, 20
trigonometric polynomial, 192
type I domain, 129
type Il domain, 129
type Il domain, 129

uniform convergence, 144
uniform norm, 145

uniformly bounded, 172
uniformly Cauchy, 145
uniformly equicontinuous, 173
upper Darboux integral, 93
upper Darboux sum, 92

upper triangular matrix, 31

INDEX

vanishes at no point, 184
vector, 7

vector field, 88, 130
vector space, 8

vector subspace, 8
volume, 123

volume of rectangles, 91
vortex vector field, 130

Weierstrass M-test, 145, 146

Weierstrass approximation theorem, 179
Weierstrass function, 150

winding number, 90

zero of a function, 171
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Notation

(01,02,...,Z)n)

R[]
span(Y)
€j
L(X,Y)
L(X)

X = y
[x, y]
]

X-y
[l
Il L)
GL(X)
sgn(x)
[1
det(A)
f'Df

of
ax]'

Vf

|

Description

vector

vector (column vector)

the set of polynomials in ¢

span of the set Y

standard basis vector (0,...,0,1,0,...,0)
set of linear maps from X to Y

set of linear operators on X

function that takes x to y

line segment

norm on a vector space
dot product of x and y
the euclidean norm on R”
operator norm on L(X,Y)

invertible linear operators on X

matrix

sign function

product

determinant of A

derivative of f
partial derivative of f with respect to x;

gradient of f

Page

10
12
14
14
16
16
20
20
20
21
24

25

27
27
27
35, 142

39
40
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Notation Description Page
D,f, g—z directional derivative of f 41
17 M Jacobian determinant of f 42
cl, cl(u continuously differentiable function/mapping 48
ajgxl derivative of f with respect to x; and then x, 60
frrx derivative of f with respect to x; and then x, 60
ck k-times continuously differentiable function 60
w1 dxy + wrdxy + -+ + wy, dx, differential one-form 74
fy w path integral of a one-form 77
fy fds, f) Cf(x)ds(x) line integral of f against arc-length measure 78
/V v-dy path integral of a vector field 88
V(R) n-dimensional volume 91,123
L(P, f) lower Darboux sum of f over partition P 92
Uep, f) upper Darboux sum of f over partition P 92
/ f lower Darboux integral over rectangle R 93
R
/ f upper Darboux integral over rectangle R 93
R
R(R) Riemann integrable functions on R 95, 124
/f, / f(x)dx, / f(x)dV  Riemann integral of f on R 95,125
R JR R
m*(S) outer measure of S 108
o(f,x,0),0(f,x) oscillation of a function at x 117
Xs indicator function of S 123
i the imaginary number, V-1 139
Re z real part of z 140
Im z imaginary part of z 140
z complex conjugate of z 140
|z| modulus of z 140
£l uniform norm of f over S 145
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Notation
eZ

sin(z)
cos(z)

Tt

sn(f;x)

o0

f(x)~ Z Cneinx

(f, &
1£1l2

Description

complex exponential function
sine function

cosine function

the number 7

symmetric partial sum of a Fourier series
Fourier series for f

inner product of functions

L? norm of f
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Page
163
lo4
lo4

165
194

194

197
197
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